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Abstract
In recent work, we introduced topological notions of simple normal crossings symplectic divisor
and variety, showed that they are equivalent, in a suitable sense, to the corresponding geomet-
ric notions, and established a topological smoothability criterion for them. The present paper
extends these notions to arbitrary normal crossings singularities, from both local and global
perspectives, and shows that they are also equivalent to the corresponding geometric notions.
In subsequent papers, we extend our smoothability criterion to arbitrary normal crossings sym-
plectic varieties and construct a variety of geometric structures associated with normal crossings
singularities in algebraic geometry.
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1 Introduction
Normal crossings (NC) divisors and varieties are the most basic and important classes of singular
objects in complex algebraic and Ka¨hler geometries. An NC divisor in a smooth variety X is a
subvariety V locally defined by an equation of the form
z1 · · · zk = 0 (1.1)
in a holomorphic coordinate chart (z1, . . . , zn) on X. From a global perspective, an NC divisor
is the image of an immersion with transverse self-intersections. A simple normal crossings (or SC)
divisor is a global transverse union of smooth divisors, i.e.
V =
⋃
i∈S
Vi ⊂ X
with the singular locus
V∂ =
⋃
I⊂S
|I|=2
VI ⊂ V, where VI =
⋂
i∈I
Vi ∀ I⊂S.
An NC variety of complex dimension n is a variety X∅ that can be locally embedded as an NC
divisor in Cn+1. Thus, every sufficiently small open set U∅ in X∅ can be written as
U∅ =
(⊔
i∈S
Ui
)/
∼, Uij ≈ Uji ∀ i, j∈S, i 6=j,
where {Uij}j∈S−i is an SC divisor in a smooth component Ui of U∅. An SC variety is a global
transverse union of smooth varieties {Xi}i∈S along SC divisors {Xij}j∈S−i in Xi, i.e.
X∅ =
(⊔
i∈S
Xi
)/
∼, Xij ≈ Xji ∀ i, j∈S, i 6=j, (1.2)
with the singular locus
X∂ =
⋃
i,j∈S
i 6=j
Xij ⊂ X∅. (1.3)
A two-dimensional 3-fold SC variety is shown in Figure 1.
In parallel with his introduction of J-holomorphic curve techniques in symplectic topology in [9],
Gromov asked about the feasibility of introducing notions of singular (sub-)varieties of higher
dimension suitable for this field; see [10, p343]. Important developments since then, such as sym-
plectic sum constructions [8, 14], degeneration and decomposition formulas for Gromov-Witten
invariants [19, 2, 12, 13, 17], log Gromov-Witten theory [11, 1], affine symplectic geometry [15, 16],
homological mirror symmetry [18], and a new perspective on Atiyah-Floer Conjecture [3] suggest
the need for (soft) symplectic notions of NC divisors and varieties that are equivalent, in a suitable
sense, to the corresponding (rigid) geometric notions.
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A smooth symplectic divisor V in a symplectic manifold (X,ω) is an almost Ka¨hler divisor with
respect to an ω-compatible almost complex structure J which is integrable in the normal direction
to V . Furthermore, the projection
AK(X,V ) −→ Symp(X,V ), (ω, J) −→ ω, (1.4)
from the space of such pairs (ω, J) to the space of symplectic forms ω on X which restrict to
symplectic forms on V is a weak homotopy equivalence. This property of (1.4), rather than its
surjectivity, is fundamental to applications of smooth divisors in symplectic topology. In [5], we
propose
to treat NC symplectic divisors/varieties up to deformation equivalence, showing that each
deformation equivalence class has a subspace of sufficiently “nice” representatives so that
an appropriate analogue of (1.4) is a weak homotopy equivalence.
We also prove that unions of so-called positively intersecting collections of smooth symplectic di-
visors provide for a notion of SC symplectic divisors compatible with this prospective and lead to
a compatible notion of SC symplectic varieties. An overview of the program initiated in [5] and of
its potential applications in symplectic topology and algebraic geometry appears in [4].
The present paper extends Definitions 2.1 and 2.4 of SC symplectic divisors and varieties, the
notions of regularizations for them, and the main theorems of [5] to arbitrary NC divisors and
varieties. This is done from both local and global perspectives, which are better suited for different
types of applications. In the local perspectives of Definitions 3.2 and 4.3, NC symplectic divisors and
varieties are spaces that are locally SC symplectic divisors and varieties, respectively. In the global
perspectives of Proposition 3.6 and Section 4.2, NC symplectic divisors and varieties are images
of immersions with transverse self-intersections. Regularizations are key to many applications of
divisors in symplectic topology, including the symplectic sum constructions of [8, 14, 6]. They in
particular ensure the existence of almost complex structures J on X that are “nice” along divisors
in smooth and NC symplectic varieties. Such almost complex structures in turn play a central
role in Gromov-Witten theory and in its interplay with algebraic geometry and string theory, for
example.
After recalling the notions of regularizations for SC symplectic divisors and varieties in Section 2,
we define NC divisors and their regularizations from a local perspective in Section 3.1 and from a
global perspective in Section 3.2. The two perspectives are equivalent by Proposition 3.6 and the
last paragraph of Section 3.2. Theorem 3.4 extends [5, Theorem 2.13] to arbitrary NC symplectic
divisors. We define NC varieties and their regularizations from a local perspective in Section 4.1 and
from a global perspective in Section 4.2. The two perspectives are shown to be equivalent in Sec-
tion 4.3. Theorem 4.5 extends [5, Theorem 2.17] to arbitrary NC symplectic varieties. Section 4.5
provides examples of non-SC normal crossings divisors and varieties. In Section 5, we deduce
Theorem 4.5 from the proof of [5, Theorem 2.17] using the local perspective of Section 4.1 and a
seemingly weaker, but equivalent, version of the notion of regularization of [5, Definition 2.15(1)].
2 Simple crossings divisors and varieties
We begin by introducing the most commonly used notation. For a set S, denote by P(S) the
collection of subsets of S and by P∗(S)⊂P(S) the collection of nonempty subsets. If in addition
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i∈S, let
Pi(S) =
{
I∈P(S) : i∈S
}
.
For N ∈Z≥0, let
[N ] = {1, . . . , N}, P(N)=P
(
[N ]
)
, P∗(N)=P∗
(
[N ]
)
.
For i∈ [N ], let Pi(N)=Pi([N ]).
For k∈Z≥0, denote by Sk the k-th symmetric group. For k
′∈ [k], we identify Sk′ with the subgroup
of Sk consisting of the permutations of [k
′]⊂ [k] and denote by S[k]−[k′] ⊂ Sk the subgroup of Sk
consisting of the permutations of [k]−[k′]. In particular,
Sk′ ×S[k]−[k′] ⊂ Sk .
For each σ∈Sk and i∈ [k], let σi∈Sk−1 be the permutation obtained from the bijection
[k]−{i} −→ [k]−{σ(i)}, j −→ σ(j),
by identifying its domain and target with [k−1] in the order-preserving fashions.
If N −→V is a vector bundle, N ′⊂N , and V ′⊂V , we define
N ′|V ′ = N|V ′ ∩ N
′ .
Let I=[0, 1].
2.1 Notation and definitions
Let X be a (smooth) manifold. For any submanifold V ⊂X, let
NXV ≡
TX|V
TV
−→ V
denote the normal bundle of V in X. For a collection {Vi}i∈S of submanifolds of X and I⊂S, let
VI ≡
⋂
i∈I
Vi ⊂ X .
Such a collection is called transverse if any subcollection {Vi}i∈I of these submanifolds intersects
transversely, i.e. the homomorphism
TxX ⊕
⊕
i∈I
TxVi −→
⊕
i∈I
TxX,
(
v, (vi)i∈I
)
−→ (v+vi)i∈I , (2.1)
is surjective for all x ∈ VI . By the Inverse Function Theorem, each subspace VI ⊂ X is then a
submanifold of X of codimension
codimXVI =
∑
i∈I
codimXVi
and the homomorphisms
NXVI −→
⊕
i∈I
NXVi
∣∣
VI
∀ I⊂S, NVI−iVI −→ NXVi
∣∣
VI
∀ i∈I⊂S,⊕
i∈I−I′
NVI−iVI −→ NVI′VI ∀ I
′⊂I⊂S
(2.2)
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induced by inclusions of the tangent bundles are isomorphisms.
As detailed in [5, Section 2.1], a transverse collection {Vi}i∈S of oriented submanifolds of an ori-
ented manifold X of even codimensions induces an orientation on each submanifold VI ⊂X with
|I|≥2; we call it the intersection orientation of VI . If VI is zero-dimensional, it is a discrete collection
of points in X and the homomorphism (2.1) is an isomorphism at each point x∈VI ; the intersection
orientation of VI at x∈ VI then corresponds to a plus or minus sign, depending on whether this
isomorphism is orientation-preserving or orientation-reversing. We call the original orientations of
X=V∅ and Vi=V{i} the intersection orientations of these submanifolds VI of X with |I|<2.
Suppose (X,ω) is a symplectic manifold and {Vi}i∈S is a transverse collection of submanifolds
of X such that each VI is a symplectic submanifold of (X,ω). Each VI then carries an orientation
induced by ω|VI , which we call the ω-orientation. If VI is zero-dimensional, it is automatically a
symplectic submanifold of (X,ω); the ω-orientation of VI at each point x∈VI corresponds to the
plus sign by definition. By the previous paragraph, the ω-orientations of X and Vi with i∈ I also
induce intersection orientations on all VI .
Definition 2.1. Let (X,ω) be a symplectic manifold. A simple crossings (or SC) symplectic divisor
in (X,ω) is a finite transverse collection {Vi}i∈S of closed submanifolds of X of codimension 2 such
that VI is a symplectic submanifold of (X,ω) for every I⊂S and the intersection and ω-orientations
of VI agree.
An SC symplectic divisor {Vi}i∈S with |S|=1 is a smooth symplectic divisor in the usual sense.
If (X,ω) is a 4-dimensional symplectic manifold, a finite transverse collection {Vi}i∈S of closed
submanifolds of X of codimension 2 is an SC symplectic divisor if all points of the pairwise inter-
sections Vi1∩Vi2 with i1 6= i2 are positive. By [5, Example 2.7], it is not sufficient to consider the
deepest (non-empty) intersections in higher dimensions.
Definition 2.2. Let X be a manifold and {Vi}i∈S be a finite transverse collection of closed sub-
manifolds of X of codimension 2. A symplectic structure on {Vi}i∈S in X is a symplectic form ω
on X such that VI is a symplectic submanifold of (X,ω) for all I⊂S.
For X and {Vi}i∈S as in Definition 2.2, we denote by Symp(X, {Vi}i∈S) the space of all symplectic
structures on {Vi}i∈S in X and by
Symp+
(
X, {Vi}i∈S
)
⊂ Symp
(
X, {Vi}i∈S
)
the subspace of the symplectic forms ω such that {Vi}i∈S is an SC symplectic divisor in (X,ω).
The latter is a union of topological components of the former.
Definition 2.3. Let N ∈Z+. An N -fold transverse configuration is a tuple {XI}I∈P∗(N) of manifolds
such that {Xij}j∈[N ]−i is a transverse collection of submanifolds of Xi for each i∈ [N ] and
X{ij1,...,ijk} ≡
k⋂
m=1
Xijm = Xij1...jk ∀ j1, . . . , jk ∈ [N ]−i.
A symplectic structure on an N -fold transverse configurationX such that Xij is a closed submanifold
of Xi of codimension 2 for all i, j∈ [N ] distinct is a tuple
(ωi)i∈[N ] ∈
N∏
i=1
Symp
(
Xi, {Xij}j∈[N ]−i
)
5
P̂2
P̂2
P̂2
E
L¯
L¯ E
E L¯
P
Figure 1: A 3-fold NC variety
such that ωi1 |Xi1i2 =ωi2 |Xi1i2 for all i1, i2∈ [N ].
For an N -fold transverse configuration X as in Definition 2.3, we define the spaces X∅⊃X∂ as
in (1.2) and (1.3). If in addition Xij is a closed submanifold of Xi of codimension 2 for all i, j∈ [N ]
distinct, let Symp(X) denote the space of all symplectic structures on X and
Symp+
(
X
)
= Symp
(
X
)
∩
N∏
i=1
Symp+
(
Xi, {Xij}j∈[N ]−i
)
.
Thus, if (ωi)i∈[N ] is an element of Symp
+(X), then {Xij}j∈[N ]−i is an SC symplectic divisor in
(Xi, ωi) for each i∈ [N ].
Definition 2.4. Let N ∈Z+. An N -fold simple crossings (or SC) symplectic configuration is a tuple
X =
(
(XI)I∈P∗(N), (ωi)i∈[N ]
)
(2.3)
such that {XI}I∈P∗(N) is an N -fold transverse configuration, Xij is a closed submanifold of Xi
of codimension 2 for all i, j ∈ [N ] distinct, and (ωi)i∈[N ] ∈ Symp
+(X). The SC symplectic variety
associated to such a tuple X is the pair (X∅, (ωi)i∈[N ]).
A two-dimensional 3-fold SC configuration and associated NC variety are shown in Figure 1. In
this figure, P̂2 denotes the blowup of the complex projective space P2 at a point p and E,L⊂ P̂2 are
the exceptional divisor and the proper transform of a line through p, respectively. In particular,
we take
Xi,i−1 = L ⊂ Xi = P̂
2, Xi,i+1 = E ⊂ Xi = P̂
2 ∀ i ∈ Z3 ≈ {1, 2, 3}
and choose an identification L≈E.
2.2 Regularizations
We next recall the notions of regularizations for a submanifold V ⊂X, a symplectic submanifold
with a split normal bundle, a transverse collection {Vi}i∈S of submanifolds of a manifold X with
a symplectic structure ω on (X, {Vi}i∈S), and an SC symplectic configuration X. A regularization
in the sense of Definition 2.8(2) for {Vi}i∈S in (X,ω) symplectically models a neighborhood of
x∈VI in X on a neighborhood of the zero section VI in the normal bundle NXVI split as in (2.2)
with a standardized symplectic form. A regularization for X in the sense of Definition 2.9(2) is a
compatible collection of regularizations for the collections {Xij}j∈[N ]−i of submanifolds of Xi.
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If B is a manifold, possibly with boundary, we call a family (ωt)t∈B of 2-forms on X smooth if the
2-form ω˜ on B×X given by
ω˜(t,x)(v,w) =
{
ωt|x(v,w), if v,w∈TxX;
0, if v∈TtB;
is smooth. Smoothness for families of other objects is defined similarly.
For a vector bundle π : N −→V , we denote by ζN the radial vector field on the total space of N ; it
is given by
ζN (v) = (v, v) ∈ π
∗N = TN ver −֒→ TN .
Let Ω be a fiberwise 2-form on N −→V . A connection ∇ on N induces a projection TN −→π∗N
and thus determines an extension Ω∇ of Ω to a 2-form on the total space of N . If ω is a closed
2-form on V , the 2-form
ω˜ ≡ π∗ω +
1
2
dιζNΩ∇ ≡ π
∗ω +
1
2
d
(
Ω∇(ζN , ·)
)
(2.4)
on the total space of N is then closed and restricts to Ω on π∗N =TN ver. If ω is a symplectic form
on V and Ω is a fiberwise symplectic form on N , then ω˜ is a symplectic form on a neighborhood
of V in N .
We call π : (L, ρ,∇)−→V a Hermitian line bundle if V is a manifold, L−→V is a smooth complex
line bundle, ρ is a Hermitian metric on L, and ∇ is a ρ-compatible connection on L. We use the
same notation ρ to denote the square of the norm function on L and the Hermitian form on L
which is C-antilinear in the second input. Thus,
ρ(v) ≡ ρ(v, v), ρ(iv,w) = iρ(v,w) = −ρ(v, iw) ∀ (v,w)∈L×V L.
Let ρR denote the real part of the form ρ.
A Riemannian metric on an oriented real vector bundle L−→V of rank 2 determines a complex
structure on the fibers of V . A Hermitian structure on an oriented real vector bundle L−→V of
rank 2 is a pair (ρ,∇) such that (L, ρ,∇) is a Hermitian line bundle with the complex structure iρ
determined by the Riemannian metric ρR. If Ω is a fiberwise symplectic form on an oriented vector
bundle L−→V of rank 2, an Ω-compatible Hermitian structure on L is a Hermitian structure (ρ,∇)
on L such that Ω(·, iρ·) = ρ
R(·, ·).
Let (Li, ρi,∇
(i))i∈I be a finite collection of Hermitian line bundles over V . If each (ρi,∇
(i)) is
compatible with a fiberwise symplectic form Ωi on Li and
(N ,Ω,∇) ≡
⊕
i∈I
(
Li,Ωi,∇
(i)
)
,
then the 2-form (2.4) is given by
ω˜ = ω(ρi,∇(i))i∈I ≡ π
∗ω +
1
2
⊕
i∈I
π∗I;id
(
(Ωi)∇(i)(ζLi , ·)
)
, (2.5)
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where πI;i : N −→Li is the component projection map.
If in addition Ψ: V ′−→V is a smooth map and (L′i, ρ
′
i,∇
′(i))i∈I is a finite collection of Hermitian
line bundles over V ′, we call a (fiberwise) vector bundle isomorphism
Ψ˜:
⊕
i∈I′
L′i −→
⊕
i∈I
Li
covering Ψ a product Hermitian isomorphism if
Ψ˜ : (L′i, ρ
′
i,∇
′(i)) −→ Ψ∗(Li, ρi,∇
(i))
is an isomorphism of Hermitian line bundles over V ′ for every i∈I.
Definition 2.5. Let X be a manifold and V ⊂X be a submanifold with normal bundleNXV −→V .
A regularization for V in X is a diffeomorphism Ψ : N ′−→X from a neighborhood of V in NXV
onto a neighborhood of V in X such that Ψ(x)=x and the isomorphism
NXV |x = T
ver
x NXV −֒→ TxNXV
dxΨ−→ TxX −→
TxX
TxV
≡ NXV |x
is the identity for every x∈V .
If (X,ω) is a symplectic manifold and V is a symplectic submanifold in (X,ω), then ω induces a
fiberwise symplectic form ω|NXV on the normal bundle NXV of V in X via the isomorphism
πNXV : NXV ≡
TX|V
TV
≈ TV ω ≡
{
v∈TxX : x∈V, ω(v,w)=0 ∀w∈TxV
}
.
We denote the restriction of ω|NXV to a subbundle L⊂NXV by ω|L.
Definition 2.6. Let X be a manifold, V ⊂X be a submanifold, and
NXV =
⊕
i∈I
Li
be a fixed splitting into oriented rank 2 subbundles. If ω is a symplectic form on X such that V is
a symplectic submanifold and ω|Li is nondegenerate for every i∈ I, then an ω-regularization for V
in X is a tuple ((ρi,∇
(i))i∈I ,Ψ), where (ρi,∇
(i)) is an ω|Li-compatible Hermitian structure on Li
for each i∈I and Ψ is a regularization for V in X, such that
Ψ∗ω = ω(ρi,∇(i))i∈I
∣∣
Dom(Ψ)
.
Suppose {Vi}i∈S is a transverse collection of codimension 2 submanifolds of X. For each I⊂S, the
last isomorphism in (2.2) provides a natural decomposition
πI : NXVI=
⊕
i∈I
NVI−iVI −→ VI
of the normal bundle of VI in X into oriented rank 2 subbundles. We take this decomposition as
given for the purposes of applying Definition 2.6. If in addition I ′⊂I, let
πI;I′ : NI;I′ ≡
⊕
i∈I−I′
NVI−iVI = NVI′VI −→ VI . (2.6)
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There are canonical identifications
NI;I−I′ = NXVI′ |VI , NXVI = π
∗
I;I′NI;I−I′ = π
∗
I;I′NXVI′ ∀ I
′⊂I⊂ [N ]. (2.7)
The first equality in the second statement above is used in particular in (2.10).
Definition 2.7. Let X be a manifold and {Vi}i∈S be a transverse collection of submanifolds of X.
A system of regularizations for {Vi}i∈S in X is a tuple (ΨI)I⊂S , where ΨI is a regularization for VI
in X in the sense of Definition 2.5, such that
ΨI
(
NI;I′∩Dom(ΨI)
)
= VI′∩Im(ΨI) (2.8)
for all I ′⊂I⊂S.
Given a system of regularizations as in Definition 2.7 and I ′⊂I⊂S, let
N ′I;I′ = NI;I′∩Dom(ΨI), ΨI;I′ ≡ ΨI
∣∣
N ′
I;I′
: N ′I;I′ −→ VI′ .
The map ΨI;I′ is a regularization for VI in VI′ . As explained in [5, Section 2.2], ΨI determines an
isomorphism
DΨI;I′ : π
∗
I;I′NI;I−I′
∣∣
N ′
I;I′
−→ NXVI′
∣∣
VI′∩Im(ΨI )
(2.9)
of vector bundles covering ΨI;I′ and respecting the natural decompositions of NI;I−I′ =NXVI′ |VI
and NXVI′ . By the last assumption in Definition 2.5,
DΨI;I′
∣∣
π∗
I;I′
NI;I−I′ |VI
=id: NI;I−I′ −→ NXVI′ |VI
under the canonical identification of NI;I−I′ with NXVI′ |VI .
Definition 2.8. Let X be a manifold and {Vi}i∈S be a transverse collection of submanifolds of X.
(1) A regularization for {Vi}i∈S inX is a system of regularizations (ΨI)I⊂S for {Vi}i∈S inX such that
DΨI;I′
(
Dom(ΨI)
)
= Dom(ΨI′)
∣∣
VI′∩Im(ΨI )
, ΨI = ΨI′ ◦DΨI;I′|Dom(ΨI) (2.10)
for all I ′⊂I⊂S.
(2) Suppose in addition that Vi is a closed submanifold of X of codimension 2 for every i∈S and
ω∈Symp(X, {Vi}i∈S). An ω-regularization for {Vi}i∈S in X is a tuple
(RI)I⊂S ≡
(
(ρI;i,∇
(I;i))i∈I ,ΨI
)
I⊂S
such that RI is an ω-regularization for VI in X for each I ⊂ S, (ΨI)I⊂S is a regularization
for {Vi}i∈S in X, and the induced vector bundle isomorphisms (2.9) are product Hermitian
isomorphisms for all I ′⊂I⊂S.
If (RI)I⊂S is a regularization for {Vi}i∈S in X, then
ΨI;I′′ = ΨI′;I′′ ◦DΨI;I′
∣∣
N ′
I;I′′
, DΨI;I′′ = DΨI′;I′′ ◦DΨI;I′
∣∣
π∗
I;I′′
NI;I−I′′ |N′
I;I′′
(2.11)
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for all I ′′⊂I ′⊂I⊂S.
Suppose {XI}I∈P∗(N) is a transverse configuration in the sense of Definition 2.3. For each I∈P
∗(N)
with |I|≥2, let
πI : NXI ≡
⊕
i∈I
NXI−iXI −→ XI .
If in addition I ′⊂I, let
πI;I′ : NI;I′ ≡
⊕
i∈I−I′
NXI−iXI −→ XI .
By the last isomorphism in (2.2) with X=Xi for any i∈I
′ and {Vj}j∈S={Xij}j∈[N ]−i,
NI;I′ = NXI′XI ∀ I
′⊂I⊂ [N ], I ′ 6=∅.
Similarly to (2.7), there are canonical identifications
NI;I−I′ = NXI′ |XI , NXI = π
∗
I;I′NI;I−I′ = π
∗
I;I′NXI′ ∀ I
′⊂I⊂ [N ];
the first and last identities above hold if |I ′|≥2.
Definition 2.9. LetN ∈Z+ andX={XI}I∈P∗(N) be a transverse configuration as in Definition 2.3.
(1) A regularization for X is a tuple (ΨI;i)i∈I⊂[N ], where for each i∈ I the tuple (ΨI;i)I∈Pi(N) is a
regularization for {Xij}j∈[N ]−i in Xi in the sense of Definition 2.8, such that
ΨI;i1
∣∣
NI;i1i2∩Dom(ΨI;i1 )
= ΨI;i2
∣∣
NI;i1i2∩Dom(ΨI;i2 )
(2.12)
for all i1, i2∈I⊂ [N ].
(2) Suppose in addition that Xij is a closed submanifold of Xi of codimension 2 for all i, j ∈ [N ]
distinct and (ωi)i∈[N ]∈Symp
+(X). An (ωi)i∈[N ]-regularization for X is a tuple
R ≡ (RI)I∈P∗(N) ≡
(
ρI;i,∇
(I;i),ΨI;i
)
i∈I⊂[N ]
(2.13)
such that (ΨI;i)i∈I⊂[N ] is a regularization for X and for each i∈ [N ] the tuple(
(ρI;j ,∇
(I;j))j∈I−i,ΨI;i
)
I∈Pi(N)
is an ωi-regularization for {Xij}j∈[N ]−i in Xi in the sense of Definition 2.8(2).
For a smooth family (ωt)t∈B of symplectic forms in Symp(X, {Vi}i∈S), Definition 2.8(2) naturally
extends to provide a notion of (ωt)t∈B-family of regularizations for {Vi}i∈S in X; see [5, Defini-
tion 2.12(2)]. For a smooth family of symplectic structures (ωt;i)t∈B,i∈[N ] on X, Definition 2.9(2)
similarly extends to provide a notion of (ωt;i)t∈B,i∈[N ]-family of regularizations for X; see [5, Def-
inition 2.15(2)]. The first extension topologizes the set Aux(X, {Vi}i∈S) of pairs (ω, (RI)I⊂S)
consisting of a symplectic structure ω on {Vi}i∈S in X and an ω-regularization (RI)I⊂S for {Vi}i∈S
in X. The second extension topologizes the set Aux(X) of pairs ((ωi)i∈[N ],R) consisting of a sym-
plectic structure (ωi)i∈[N ] on X and an (ωi)i∈[N ]-regularization R for X.
10
The existence of regularizations requires the symplectic divisors Vi ⊂ X and Xij ⊂ Xi to meet
ω-orthogonally and ωi-orthogonally, respectively, which is rarely the case. However, [5, Theo-
rems 2.13,2.17] imply that the projections
Aux
(
X, {Vi}i∈S
)
−→ Symp+
(
X, {Vi}i∈S
)
, (ω,R) −→ ω,
Aux(X) −→ Symp+(X),
(
(ωi)i∈[N ],R
)
−→ (ωi)i∈[N ],
(2.14)
are weak homotopy equivalences and thus ensure a virtual kind of existence whenever {Vi}i∈S is an
SC symplectic divisor in the sense of Definition 2.1 and (X∅, (ωi)i∈[N ]) is an NC symplectic variety
in the sense of Definition 2.4.
3 Normal crossings symplectic divisors
NC divisors are spaces that are locally SC divisors. This local perspective makes it fairly straight-
forward to define NC divisors and notions of regularizations. NC divisors can also be viewed as
analogues of SC divisors for immersions instead of submanifolds. This global perspective leads to
a more succinct notion of regularizations for NC divisors and fits better with some applications.
3.1 Local perspective
Definitions 3.2 and 3.3 below locally correspond to Definitions 2.1 and 2.8(2), respectively.
Definition 3.1. Let X be a manifold. A subspace V ⊂X is a normal crossings (or NC) divisor if
for every x∈X there exist an open neighborhood U of x in X and a finite transverse collection
{Vi}i∈S of closed submanifolds of U of codimension 2 such that
V ∩ U =
⋃
i∈S
Vi .
Definition 3.2. Let (X,ω) be a symplectic manifold. A subspace V ⊂ X is an NC symplectic
divisor in (X,ω) if for every x∈X there exist U and {Vi}i∈S as in Definition 3.1 such that {Vi}i∈S
is an SC symplectic divisor in (U,ω|U ).
By Definition 3.1, every NC divisor V ⊂X is a closed subspace. So is its singular locus V∂ ⊂ V
consisting of the points x∈V such that there exist U and {Vi}i∈S as in Definition 3.1 and I⊂ [N ]
with |I| = 2 and VI ∋ x. For an NC divisor V ⊂ X, denote by Symp
+(X,V ) the space of all
symplectic forms ω on X so that V is an NC symplectic divisor in (X,ω). An SC symplectic di-
visor in the sense of Definition 2.1 is an NC symplectic divisor, as we can take U=X for every x∈X.
Let V ⊂X be an NC divisor. For each chart (U, {Vi}i∈S) as in Definition 3.1 and each x∈U , let
Sx =
{
i∈S : x∈Vi
}
.
If (U ′, {V ′i }i∈S′) is another chart for V in X and x∈U∩U
′, there exist a neighborhood Ux of x in
U∩U ′ and a bijection
hx : Sx −→ S
′
x s.t. Vi∩Ux = V
′
hx(i)
∩Ux ∀ i∈Sx . (3.1)
We also denote by hx the induced bijection P(Sx)−→P(S
′
x). By (3.1),
NXVI
∣∣
VI∩Ux
= NXV
′
I′
∣∣
V ′
I′
∩Ux
∀ I ⊂ Sx, I
′=hx(I) .
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Suppose (
RI
)
I⊂S
≡
(
(ρI;i,∇
(I;i))i∈I ,ΨI
)
I⊂S
,
(
R′I
)
I⊂S′
≡
(
(ρ′I;i,∇
′(I;i))i∈I ,Ψ
′
I
)
I⊂S′
are an ω|U -regularization for {Vi}i∈S in U and an ω|U ′-regularization for {V
′
i }i∈S′ in U
′. We define(
Ry
)
I⊂S
∼=X
(
R′I
)
I⊂S′
if for every x∈U∩U ′ there exist Ux and hx as in (3.1) such that(
ρI;i,∇
(I;i)
)∣∣
VI∩Ux
=
(
ρ′I′;i′ ,∇
′(I′;i′)
)∣∣
VI′∩Ux
,
ΨI = Ψ
′
I′ on Dom(ΨI)|VI∩Ux ∩Dom(Ψ
′
I′)|VI′∩Ux
for all i∈I⊂Sx, i
′≡hx(i) ∈ I
′≡hx(I).
Definition 3.3. Let X be a manifold, V ⊂ X be an NC divisor, and (Uy, {Vy;i}i∈Sy)y∈A be a
collection of charts for V in X as in Definition 3.1.
(1) If ω∈Symp+(X,V ), an ω-regularization for V in X is a collection
R ≡ (Ry;I)y∈A,I⊂Sy ≡
(
(ρy;I;i,∇
(y;I;i))i∈I ,Ψy;I
)
y∈A,I⊂Sy
(3.2)
such that (Ry;I)I⊂Sy is an ω|Uy -regularization for {Vy;i}i∈Sy in Uy for each y∈A and(
Ry;I
)
I⊂Sy
∼=X
(
Ry′;I
)
I⊂Sy′
∀ y, y′∈A . (3.3)
(2) If B is a manifold, possibly with boundary, and (ωt)t∈B is a smooth family of symplectic forms
in Symp+(X,V ), an (ωt)t∈B-family of regularizations for V in X is a smooth family of tuples
(Rt;y;I)t∈B,y∈A,I⊂Sy such that (Rt;y;I)y∈A,I⊂Sy is an ωt-regularization for V in X for each t∈B
and (Rt;y;I)t∈B,I⊂Sy is an (ωt|Uy)t∈B-family of regularizations for {Vy;i}i∈Sy in Uy for each y∈A.
Suppose X, V , and (Uy, {Vy;i}i∈Sy)y∈A are as in Definition 3.3 and (ωt)t∈B is a family of symplectic
forms in Symp+(X,V ). We define two (ωt)t∈B-families of regularizations for V inX to be equivalent,(
R
(1)
t;y;I
)
t∈B,y∈A,I⊂Sy
∼=
(
R
(2)
t;y;I
)
t∈B,y∈A,I⊂Sy
,
if they agree on the level of germs. This means that for every y∈A the families
(R
(1)
t;y;I
)
t∈B,I⊂Sy
and
(
R
(2)
t;y;I
)
t∈B,I⊂Sy
of regularizations for {Vy;i}i∈Sy in Uy agree on the level of germs as formally defined just before [5,
Theorem 2.13].
Theorem 3.4. Let X, V , and (Uy, {Vy;i}i∈Sy)y∈A be as in Definition 3.3 and X
∗⊂X be an open
subset such that X∗∩V∂=∅. Suppose
• B is a compact manifold, possibly with boundary,
• N(∂B), N ′(∂B) are neighborhoods of ∂B in B such that N ′(∂B)⊂N(∂B),
• (ωt)t∈B is a family of symplectic forms in Symp
+(X,V ),
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• (Rt;y;I)t∈N(∂B),y∈A,I⊂Sy is an (ωt)t∈N(∂B)-family of regularizations for V in X.
Then there exist a smooth family (µt,τ )t∈B,τ∈I of 1-forms on X such that
µt,0 = 0, supp
(
µ·,τ
)
⊂
(
B−N ′(∂B)
)
×(X−X∗) ∀ t∈B, τ ∈I,(
ωt,τ ≡ ωt+dµt,τ
)
∈ Symp+
(
X,V
)
∀ t∈B, τ ∈I,
and an (ωt,1)t∈B-family (R˜t;y;I)t∈B,y∈A,I⊂Sy of regularizations for V in X such that
(R˜t;y;I)t∈N ′(∂B),y∈A,I⊂Sy
∼= (Rt;y;I)t∈N ′(∂B),y∈A,I⊂Sy .
Definition 3.3(2) topologizes the set Aux(X,V ) of pairs (ω,R) consisting of a symplectic structure ω
on an NC divisor V in X and an ω-regularization R for V in X. Theorem 3.4 above, which is
the direct analogue of [5, Theorem 2.13] for arbitrary NC divisors, implies that the first projection
in (2.14) is a weak homotopy equivalence in this general setting as well. Similarly to the situation
with [5, Theorems 2.13,2.17], Theorem 3.4 is implied by Theorem 4.5; see the paragraph after [5,
Theorem 2.13] and Example 4.15.
3.2 Global perspective
We now give an equivalent global description of the notions introduced in Section 3.1. We do so
by viewing an NC symplectic divisor in the sense of Definition 3.2 as the image of a transverse
immersion ι with certain properties.
For any map ι : V˜ −→X and k∈Z≥0, let
V˜ (k)ι =
{
(x, v˜1, . . . , v˜k)∈X×(V˜
k−∆
(k)
V˜
) : ι(v˜i)=x ∀ i∈ [k]
}
, (3.4)
where ∆
(k)
V˜
⊂ V˜ k is the big diagonal (at least two of the coordinates are the same). Define
ιk : V˜
(k)
ι −→ X, ιk(x, v˜1, . . . , v˜k) = x, (3.5)
V (k)ι = ιk(V˜
(k)
ι ) =
{
x∈X :
∣∣ι−1(x)∣∣≥k}. (3.6)
For example,
V˜ (0)ι , V
(0)
ι = X, V˜
(1)
ι ≈ V˜ , V
(1)
ι = ι(V˜ ).
For k′, k∈Z≥0 and i∈Z+ with i, k′≤k, define
ι˜k;k′ : V˜
(k)
ι −→ V˜
(k′)
ι , ι˜k;k′(x, v˜1, . . . , v˜k) = (x, v˜1, . . . , v˜k′), (3.7)
ι˜
(i)
k;k−1 : V˜
(k)
ι −→ V˜
(k−1)
ι , ι˜
(i)
k;k−1(x, v˜1, . . . , v˜k) = (x, v˜1, . . . , v˜i−1, v˜i+1, . . . , v˜k), (3.8)
ι˜
(i)
k : V˜
(k)
ι −→ V˜ , ι˜
(i)
k (x, v˜1, . . . , v˜k) = v˜i. (3.9)
For example,
ι˜k;k′= ι˜
(k′+1)
k′+1;k′◦. . .◦ι˜
(k)
k;k−1 : V˜
(k)
ι −→ V˜
(k′)
ι , ι˜k;1≈ ι˜
(1)
k : V˜
(k)
ι −→ V˜
(1)
ι ≈ V˜ ,
ι˜k;0= ιk : V˜
(k)
ι −→ V˜
(0)
ι =X, ι˜1;0≈ ι : V˜
(1)
ι ≈ V˜ −→ X.
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We define an Sk-action on V˜
(k)
ι by requiring that
ι˜
(i)
k = ι˜
(σ(i))
k ◦σ : V˜
(k)
ι −→ V˜ (3.10)
for all σ∈Sk and i∈ [k]. The diagrams
V˜
(k)
ι
ι˜
(i)
k //
ι˜
(i)
k;k−1
ι˜k;k′

ιk

V˜
ι

V˜
(k−1)
ι
ιk−1
&&◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
ι˜k−1;k′

✤
✤
✤
V˜
(k′)
ι
ιk′ // X
V˜
(k)
ι
σ //
ι˜
(i)
k;k−1 
V˜
(k)
ι
ι˜
(σ(i))
k;k−1
V˜
(k−1)
ι
σi // V˜
(k−1)
ι
(3.11)
of solid arrows then commute; the entire first diagram commutes if i>k′.
A smooth map ι : V˜ −→X is an immersion if the differential dxι of ι at x is injective for all x∈ V˜ .
This implies that
codim ι ≡ dimX − dimV ≥ 0.
Such a map has a well-defined normal bundle,
N ι ≡ ι∗TX
/
Im(dι) −→ V˜ .
If ι is a closed immersion, then the subsets V
(k)
ι ⊂X and V˜
(k)
ι ⊂X×V˜ k are closed.
An immersion ι : V˜ −→X is transverse if the homomorphism
TxX ⊕
k⊕
i=1
Tv˜i V˜ −→
k⊕
i=1
TxX,
(
w, (wi)i∈[k]
)
−→
(
w+dv˜iι(wi)
)
i∈[k]
, (3.12)
is surjective for all (x, v˜1, . . . , v˜k)∈ V˜
(k)
ι and k∈Z+. By the Inverse Function Theorem, in such a
case
• each V˜
(k)
ι is a submanifold of X×V˜ k,
• the maps ι˜k;k−1 in (3.7) and the maps (3.8) are transverse immersions,
• the homeomorphisms σ determined by the elements of Sk as in (3.10) are diffeomorphisms.
By the commutativity of the upper and middle triangles in the first diagram in (3.11), the inclusion
of Im(dιk) into ι˜
(i)∗
k Im(dι) and the homomorphism dιk−1 induce homomorphisms
N ιk −→ ι
(i)∗
k N ι, N ι˜
(i)
k;k−1 −→ N ιk ∀ i∈ [k]. (3.13)
By the Inverse Function Theorem, the resulting homomorphisms
N ιk −→
⊕
i∈[k]˜
ι
(i)∗
k N ι and N ι˜
(i)
k;k−1 −→ ι˜
(i)∗
k N ι ∀ i∈ [k] (3.14)
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are isomorphisms; they correspond to the first two isomorphisms in (2.2) if V˜ is the disjoint union
of submanifolds Vi ⊂ X. For σ ∈ Sk and i ∈ [k], the homomorphisms dσ and dσi of the second
diagram in (3.11) induces an isomorphism
Diσ : N ι˜
(i)
k;k−1 −→ N ι˜
(σ(i))
k;k−1 (3.15)
covering σ.
Lemma 3.5. Let X be a manifold. A subset V ⊂X is an NC divisor in the sense of Definition 3.1
if and only if V is the image of a closed transverse immersion ι : V˜ −→X of codimension 2.
Proof. (1) Let V ⊂X be an NC divisor. Choose a locally finite open cover {Uy}y∈A′ of X with
associated transverse collections {Vy;i}i∈Sy as in Definition 3.1. Let
V˜ =
( ⊔
y∈A′
⊔
i∈Sy
{(y, i)}×Vy;i
)/
∼ ,
where we identify (y, i, x) with (y′, i′, x) if there exists a neighborhood U of x in Uy∩Uy′ such that
Vy;i∩U =Vy′;i′∩U . The Hausdorffness of X implies the Hausdorffness of V˜ . The latter inherits a
smooth structure from the smooth structures of the submanifolds Vy;i⊂X (which necessarily agree
on the overlaps). The smooth map
ι : V˜ −→ X,
[
y, i, x] −→ x,
is then a well-defined closed transverse immersion of codimension 2.
(2) Let ι : V˜ −→X be a closed transverse immersion of codimension 2. Given x∈X, let
ι−1(x) =
{
v˜1, . . . , v˜k
}
.
By [20, Proposition 1.35] and the closedness of ι, there exist a neighborhood U ⊂ X of x and
neighborhoods V˜i⊂ V˜ of v˜i with i∈ [k] such that
ι−1(U) =
k⊔
i=1
V˜i ⊂ V˜
and ι|
V˜i
is an embedding for every i∈ [k]. Then, {ι(V˜i)}i∈[k] is a finite transverse collection of closed
submanifolds of U of codimension 2 such that
V ∩ U =
k⋃
i=1
ι(V˜i) .
Thus, ι(V˜ ) is an NC divisor in X.
If V ⊂X is the NC divisor associated with a closed transverse immersion of codimension 2 as in
Lemma 3.5, then V∂=V
(2)
ι .
If ι : V˜ −→X is any immersion between oriented manifolds of even dimensions, the short exact
sequence of vector bundles
0 −→ T V˜
dι
−→ ι∗TX −→ N ι −→ 0 (3.16)
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over V˜ induces an orientation on N ι. If in addition ι is a transverse immersion, the orientation
on N ι induced by the orientations of X and V˜ induces an orientation on N ιk via the first isomor-
phism in (3.14). The orientations of X and N ιk then induce an orientation on V˜
(k)
ι via the short
exact sequence (3.16) with ι= ιk for all k ∈Z
+, which we call the intersection orientation of V˜
(k)
ι .
For k=1, it agrees with the original orientation of V˜ under the canonical identification V˜
(1)
ι ≈ V˜ .
Suppose (X,ω) is a symplectic manifold. If ι : V˜ −→X is a transverse immersion such that ι∗kω is a
symplectic form on V˜
(k)
ι for all k∈Z+, then each V˜
(k)
ι carries an orientation induced by ι∗kω, which
we call the ω-orientation. By the previous paragraph, the ω-orientations of X and V˜ also induce
intersection orientations on all V˜
(k)
ι . By definition, the intersection and ω-orientations of V˜
(1)
ι are
the same. The next statement follows readily from Definition 3.2 and the proof of Lemma 3.5.
Proposition 3.6. Suppose (X,ω) is a symplectic manifold, V ⊂X is an NC divisor, and ι : V˜ −→X
is its normalization as in Lemma 3.5. Then V is an NC symplectic divisor in (X,ω) if and only
if ι∗kω is a symplectic form on V˜
(k)
ι for all k∈Z+ and the intersection and ω-orientations of V˜
(k)
ι
are the same.
Suppose ι : V˜ −→X is a transverse immersion and k∈Z≥0. For k′∈Z≥0 with k′≤k, define
πk;k′ : Nk;k′ι =
⊕
i∈[k]−[k′]
N ι˜
(i)
k;k−1 −→ V˜
(k)
ι and π
c
k;k′ : N
c
k;k′ι =
⊕
i∈[k′]
N ι˜
(i)
k;k−1 −→ V˜
(k)
ι . (3.17)
By the commutativity of the first diagram in (3.11), the homomorphisms dι˜k−1;k′ and dιk−1 induce
homomorphisms
Nk;k′ι −→ N ι˜k;k′ and N
c
k;k′ι −→ ι˜
∗
k;k′N ιk′ .
By the Inverse Function Theorem, the last two homomorphisms are isomorphisms; they correspond
to the last isomorphism in (2.2) and the first identification in (2.7) if V˜ is the disjoint union of
submanifolds Vi⊂X. For each σ∈Sk, the isomorphisms (3.15) induce an isomorphism
Dσ = (Diσ)i∈[k] : N ιk ≈ Nk;0ι ≡
⊕
i∈[k]
N ι˜
(i)
k;k−1 −→
⊕
i∈[k]
N ι˜
(σ(i))
k;k−1 ≡ Nk;0ι ≈ N ιk (3.18)
lifting the action of σ on V˜
(k)
ι ; the last isomorphism permutes the components of the direct sum. In
particular, the subbundles Nk;k′ι and N
c
k;k′ι of Nk;0ι are invariant under the action of the subgroup
Sk′×S[k]−[k′] of Sk, but not under the action of the full group Sk.
Definition 3.7. A regularization for an immersion ι : V˜ −→X is a smooth map Ψ: N ′−→X from
a neighborhood of V˜ in N ι such that for every v˜ ∈ V˜ , there exist a neighborhood Uv˜ of v˜ in V˜
so that the restriction of Ψ to N ′|Uv˜ is a diffeomorphism onto its image, Ψ(v˜) = ι(v˜), and the
homomorphism
N ι|v˜ = T
ver
v˜ N ι −֒→ Tv˜N ι
dv˜Ψ−→ Tv˜X −→
Tv˜X
Im(dv˜ι)
≡ N ι|v˜
is the identity.
Definition 3.8. A system of regularizations for a transverse immersion ι : V˜ −→ X is a tuple
(Ψk)k∈Z≥0 , where each Ψk is a regularization for the immersion ιk, such that
Ψk
(
Nk;k′ι∩Dom(Ψk)
)
= V (k
′)
ι ∩Im(Ψk) ∀ k∈Z
≥0, k′∈ [k], (3.19)
Ψk = Ψk◦Dσ
∣∣
Dom(Ψk)
∀ k∈Z≥0, σ∈Sk. (3.20)
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The stratification condition (3.19) replaces (2.8) and implies that there exists a smooth map
Ψk;k′ : N
′
k;k′ι≡Nk;k′ι∩Dom(Ψk) −→ V˜
(k′)
ι s.t.
Ψk;k′
∣∣
V˜
(k)
ι
= ι˜k;k′ , Ψk
∣∣
N ′
k;k′
ι
= ιk′ ◦Ψk;k′ ;
(3.21)
see Proposition 1.35 and Theorem 1.32 in [20]. Similarly to (2.9), Ψk;k′ lifts to a (fiberwise) vector
bundle isomorphism
DΨk;k′ : π
∗
k;k′N
c
k;k′ι|N ′
k;k′
ι −→ N ιk′
∣∣
Im(Ψk;k′)
. (3.22)
This bundle isomorphism preserves the second splittings in (3.17) and is Sk′-equivariant and
S[k]−[k′]-invariant. The condition (3.23) below replaces (2.10) in the present setting.
Definition 3.9. A refined regularization for a transverse immersion ι : V˜ −→X is a system (Ψk)k∈Z≥0
of regularizations for ι such that
DΨk;k′
(
Dom(Ψk)
)
= Dom(Ψk′)
∣∣
Im(Ψk;k′)
, Ψk = Ψk′ ◦DΨk;k′|Dom(Ψk) (3.23)
whenever 0≤k′≤k and k∈Z≥0.
Suppose (X,ω) is a symplectic manifold and ι : V˜ −→X is an immersion so that ι∗ω is a symplectic
form on V . The normal bundle
N ι ≡
ι∗TX
Im(dι)
≈
(
Im(dι)
)ω
≡
{
w∈Tι(v˜)X : v˜∈ V˜ , ω
(
w,dxι(w
′)
)
=0 ∀w′∈Tv˜V
}
of ι then inherits a fiberwise symplectic form ω|N ι from ω. We denote the restriction of ω|N ι to a
subbundle L⊂N ι by ω|L.
Definition 3.10. Suppose (X,ω) is a symplectic manifold, ι : V˜ −→X is an immersion so that ι∗ω
is a symplectic form on V , and
N ι =
⊕
i∈I
Li
is a fixed splitting into oriented rank 2 subbundles. If ω|Li is nondegenerate for every i∈I, then an
ω-regularization for ι is a tuple ((ρi,∇
(i))i∈I ,Ψ), where (ρi,∇
(i)) is an ω|Li-compatible Hermitian
structure on Li for each i∈I and Ψ is a regularization for ι, such that
Ψ∗ω =
(
ι∗ω
)
(ρi,∇(i))i∈I
∣∣
Dom(Ψ)
.
Definition 3.11. Suppose (X,ω) is a symplectic manifold and ι : V˜ −→X is a transverse immersion
of codimension 2 so that ι∗kω is a symplectic form on V˜
(k)
ι for each k∈Z+. A refined ω-regularization
for ι is a tuple
R ≡
(
Rk
)
k∈Z≥0
≡
(
(ρk;i,∇
(k;i))i∈[k],Ψk
)
k∈Z≥0
(3.24)
such that (Ψk)k∈Z≥0 is a refined regularization for ι, Rk is an ω-regularization for ιk with respect
to the splitting (3.18) for every k∈Z≥0,(
ρk;i,∇
(k;i)
)
=
{
Diσ
}∗(
ρk;σ(i),∇
(k;σ(i))
)
∀ k∈Z≥0, σ∈Sk, i∈ [k], (3.25)
and the induced vector bundle isomorphisms (3.22) are product Hermitian isomorphisms for all
k′≤k.
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For a smooth family (ωt)t∈B of symplectic forms on X satisfying the condition of Definition 3.11,
the notion of refined ω-regularization naturally extends to a notion of (ωt)t∈B-family of refined
regularizations for ι. If ι : V˜ −→X corresponds to an NC divisor V in X as in Lemma 3.5, then a
refined ω-regularization for ι in the sense of Definition 3.11 determines an ω-regularization for V
in X in the sense of Definition 3.3(1). Conversely, the local regularizations constituting an ω-
regularization for V in X can be patched together to form a refined ω-regularization for ι. These
relations also apply to families of regularizations.
3.3 Resolutions of NC divisors
In this section, we show that the normalization ι : V˜ −→X of an NC divisor V in X provided by
Lemma 3.5 is unique and has a unique extension to a sequence of closed immersions compatible
with group actions in the sense of Definition 3.12 below. This structure can be used to simplify
the notation in some applications; see Example 3.15.
Definition 3.12. Let X be a smooth manifold and V ⊂X. A resolution of V is a sequence of
closed immersions
. . . −→ X(k)
fk;k−1
−−−−→ X(k−1)
fk−1;k−2
−−−−−→ · · ·
f2;1
−−→ X(1)
f1;0
−−→ X(0)≡X (3.26)
of a fixed codimension c∈Z+ such that f1;0(X
(1))=V and
(R1) for every k∈Z≥0, X(k) is a manifold with a free Sk-action,
(R2) for all 0≤k′≤k, the map
fk;k′≡fk′+1;k′◦. . .◦fk;k−1 : X
(k)−→X(k
′) (3.27)
is Sk′-equivariant, and
(R3) for all 0≤k′≤k and x∈X(k)−fk+1;k(X
(k+1)), f−1k;k′(fk;k′(x)) = S[k]−[k′] ·x.
Let k∈Z≥0 and x∈X(k). Since any resolution (3.26) terminates, the number
k(x) ≡ max
{
k′∈Z≥0 : k′≥k, |f−1k′;k(x)| 6=∅
}
∈ Z≥0
is well-defined. By (R2) and (R3) in Definition 3.12 with k replaced by k(x),
fk;k′(g ·x) = fk;k′
(
fk(x);k(g ·x˜)
)
≡ fk(x);k′(g ·x˜) = fk(x);k′(x˜) = fk;k′(x)
for all g ∈ S[k]−[k′] and x˜ ∈ f
−1
k(x);k(x). Thus, the immersion (3.27) is S[k]−[k′]-invariant. Since the
complement of fk+1;k(X
(k+1)) in X(k) is dense this conclusion also follows directly from (R3) in
Definition 3.12 and the continuity of fk;k′ and of the Sk-action on X
(k).
Suppose 0≤k′≤k and x∈X(k). If g, g′∈Sk, then
fk;k′(g ·x) = fk;k′(g
′ ·x) ⇐⇒ g′g−1 ∈ S[k]−[k′] . (3.28)
The if implication is immediate from the conclusion of the previous paragraph. The only if impli-
cation with (k, x) replaced by (k(x), x˜) as in the previous paragraph follows from (R3) in Defini-
tion 3.12 with k replaced by k(x). Along with (R2), this establishes the only if in (3.28).
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If in addition k′∈Z+ and y∈X(k), then
fk;k′(g ·x) = fk;k′(g ·y) ∀ g∈Sk =⇒ x = y. (3.29)
This is immediate if k′=k or if x or y is not in the image fk+1;k. Suppose
k′ < k, k(x) ≤ k(y), x˜ ∈ f−1
k(x);k(x), and y˜ ∈ f
−1
k(x);k(y).
The Sk-equivariance of fk(x);k and the assumption in (3.29) then imply that
fk(x);k′(g ·x˜) = fk(x);k′(g ·y˜) (3.30)
for all g∈Sk⊂Sk(x). By the S[k(x)]−[k′]-invariance of fk(x);k′ , (3.30) also holds for all g∈S[k(x)]−[k′].
Since Sk and S[k(x)]−[k′] generate Sk(x), it follows that (3.30) holds for all g∈Sk(x). Thus, x˜= y˜ and
the conclusion in (3.29) still holds.
Example 3.13. Let ι : V˜ −→X be a closed transverse immersion of codimension c∈Z+. With the
notation as in (3.7), the sequence
· · · −→ V˜ (k)ι
ι˜k;k−1
−−−−→ V˜ (k−1)ι
ι˜k−1;k−2
−−−−−→ . . .
ι˜2;1
−−→ V˜ (1)ι
ι˜1;0
−−→ V˜ (0)ι =X (3.31)
is a resolution of V = ι(V˜ ). By Proposition 3.14 below, every resolution of V is canonically
isomorphic to (3.31).
Proposition 3.14. Suppose X is a smooth manifold, ι : V˜ −→X is a closed transverse immersion
of codimension c∈Z+, (3.31) is the associated canonical resolution of V = ι(V˜ ), and (3.26) is any
resolution of V . Then there exist unique smooth maps hk so that the diagram
. . . // X(k)
hk

fk;k−1 // X(k−1)
hk−1

fk−1;k−2 // · · ·
f2;1 // X(1)
h1

f1;0 // X(0)=X
id

. . . // V˜
(k)
ι
ι˜k;k−1 // V˜
(k−1)
ι
ι˜k−1;k−2 // · · ·
ι˜2;1 // V˜
(1)
ι
ι˜1;0 // V˜
(0)
ι =X
(3.32)
commutes. These maps are Sk-equivariant diffeomorphisms.
Proof. The immersions f1;0 and ι˜1;0 are of the same codimension c by [20, Exercise 6]. Thus, the
dimensions of the manifolds X(k) and V˜
(k)
ι are the same for each k∈Z+. Since the restriction
ι˜k;k−1 : V˜
(k)
ι − ι˜k+1;k(V˜
(k+1)
ι ) −→ ι˜k;k−1
(
V˜ (k)ι − ι˜k+1;kV˜
(k+1)
ι )
)
⊂ V˜ (k−1)ι (3.33)
is injective and the dimension of V˜
(k+1)
ι is strictly less than the dimension of X(k), there can be at
most one map hk so that the left-most square in (3.32) commutes with a specific choice of hk−1.
Below we construct h1 based on general geometric considerations and then define each hk with
k≥2 by an explicit formula.
Since the restriction (3.33) is injective for k=1, there is a unique map
h1 : X
(1)−f−11;0
(
ι˜2;0(V˜
(2)
ι )
)
−→ V˜ (1)ι − ι˜2;1(V˜
(2)
ι ) ⊂ V˜
(1)
ι (3.34)
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so that f1;0 = ι˜1;0 ◦h1 on the domain of h1. Since the restriction (3.33) is an embedding, the
map (3.34) is smooth by [20, Theorem 1.38]. Since f1;0 is an immersion,
f−11;0
(
ι˜2;0(V˜
(2)
ι )
)
⊂ X(1)
is the image of a smooth map from a manifold of a smaller dimension than X(1). Suppose
x∈f−11;0 (ι˜2;0(V˜
(2)
ι )). The restriction of f1;0 to a sufficiently small neighborhood Ux of x is an em-
bedding and its image agrees with the image of an embedding of a neighborhood an element of
ι˜−11;0(f1;0(x)) in V˜
(1)
ι . By [20, Theorem 1.38], h1 extends smoothly over Ux as a map to V˜
(1)
ι . We thus
obtain a smooth map h1 so that the right-most square in (3.32) commutes. Since f1;0 is a closed
immersion which is injective on X(1)−f2;1(X
(2)), so is h1. Since the image of f1;0 contains V , the
image of h1 contains V˜
(1)
ι −˜ι2;1(V˜
(2)
ι ); thus, h1 is surjective. We conclude that h1 is a diffeomorphism.
From now on, we identify (X(1), f1;0) with (V˜
(1)
ι , ι˜1;0)≈(V˜ , ι) via h1. For each k∈Z
+, we then have
fk;1 : X
(k) −→ X(1)= V˜ .
We denote by
πk;k−1 : X×V˜
k −→ X×V˜ k−1
the projection to the first k components; it restricts to the map (3.7). For i, j∈ [k], let τi,j∈Sk be
the transposition interchaning i and j.
For k∈Z≥0, define
hk : X
(k) −→ X×V˜ k, hk(x) =
(
fk;0(x), fk;1(τ1,1(x)), . . . , fk;1(τ1,k(x))
)
. (3.35)
In particular, hk is an immersion, h0=idX , h1=idV˜ , and the diagram
. . . // X(k)
hk

fk;k−1 // X(k−1)
hk−1

fk−1;k−2 // · · ·
f2;1 // X(1)
h1

f1;0 // X(0)
id

. . . // X×V˜ k
πk;k−1 // X×V˜ k−1
πk−1;k−2 // · · ·
π2;1 // X×V˜
π1;0 // X(0)
(3.36)
commutes by Sk−1-equivariance of fk;k−1. Since
τ1,jτ1,i = τi,jτ1,j ∀ i, j∈ [k]−[1], i 6=j, (3.37)
the S[k]−[1]-invariance of fk;1 implies that
hk
(
τ1,i(x)
)
= τ1,i ·hk(x) ∀x∈X
(k), i∈ [k], k∈Z+ .
Thus, hk is Sk-equivariant. By (3.29) with k
′=1, hk is injective for all k≥1. Since fk;0≡ ι◦fk;1 is
Sk-invariant,
ι
(
fk;1(τ1,i(x))
)
= fk;0(x) ∀x∈X
(k), i∈ [k], k∈Z+ .
By (3.28), fk;1(τ1,i(x)) 6=fk;1(τ1,j(x)) for all i 6=j. Thus, hk(x)∈ V˜
(k)
ι .
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It remains to show that the maps Imhk= V˜
(k)
ι . Since each hk is an injective immersion, this would
imply that each hk is a diffeomorphism. This is the case for k=0, 1. Suppose k≥ 2 and hk′ is a
diffeomorphism for all k′ < k. Since fk;k−1 is a closed immersion, so is hk. By the S2-invariance
of f2;0 and S[k]−[k−2]-invariance of fk;1 for k≥3,
hk−1
(
fk;k−1(X
(k))
)
⊂
{
v˜∈ V˜ (k−1)ι :
∣∣ι˜−1k−1;k−2(ι˜k−1;k−2(v˜))∣∣>1} = ι˜k;k−1(V˜ (k)ι ).
The opposite inclusion holds by (R3) in Definition 3.12. Since ι˜k;k−1◦hk=hk−1◦fk;k−1 and (3.33)
is injective, it follows that the image of hk contains V˜
(k)
ι − ι˜k+1;k(V˜
(k+1)
ι ). Thus, Imhk= V˜
(k)
ι . We
conclude that hk is a diffeomorphism from X
(k) to V˜
(k)
ι .
Example 3.15. Let ι : V˜ −→ X be as in Example 3.13 with c = 2. For every m ∈ Z≥0, the
Sm-equivariant immersion
≡ ι˜m+1;m : W˜ ≡ V˜
(m+1)
ι −→ Y ≡ V˜
(m)
ι (3.38)
is the normalization of an NC divisor W ≡ (W˜ ) in Y . This divisor is preserved by the Sm-action
on V˜ (m). By restricting the Sm+k-actions on V˜
(m+k)
ι to actions of the subgroups S[m+k]−[m]≈Sk,
we obtain a resolution
. . .
ι˜m+k+1;m+k
−−−−−−−−→ V˜ (m+k)ι
ι˜m+k;m+k−1
−−−−−−−−→ . . . −→ V˜ (m+1)ι
ι˜m+1;m
−−−−→ V˜ (m)ι =Y (3.39)
of W as in Definition 3.12. By Proposition 3.14, (3.39) is canonically isomorphic to the resolution
. . .
˜k+1;k
−−−−→ W˜ (k)
˜k;k−1
−−−−→ . . . −→ W˜ (1) ≈W˜

−→ Y,
with W˜
(k)
 and ˜k;k−1 defined as in (3.4) and (3.7), respectively. An explicit identification is provided
by the diffeomorphisms
φk : W˜
(k)
 −→ V˜
(m+k)
ι , φk
(
y, w˜1, . . . , w˜k
)
=
(
y, ι˜
(m+1)
m+1 (w˜1), . . . , ι˜
(m+1)
m+1 (w˜k)
)
∈
(
X×V˜ m
)
×V˜ k.
From such an identification, we obtain identifications
N ˜
(i)
k;k−1 ≈ N ι˜
(m+i)
m+k;m+k−1 ∀ k∈Z
+, i∈ [k], (3.40)
of the normal bundles to the immersions defined by (3.8). Therefore, a refined ω-regularization R
for the immersion ι as in Definition 3.11 induces an ι∗mω-regularization
R
(m) ≈
(
(ρm+k;m+i,∇
(m+k;m+i))i∈[k],Ψm+k;m
)
k∈Z≥0
for the immersion , with Ψm+k;m as in (3.21). We use the above identifications in [7] to construct
canonical isomorphisms
ι∗mOX(V ) ≈ OY (W )⊗
⊗
i∈[m]
N ι˜
(i)
m;m−1, ι
∗
mTX(− log V ) ≈ TY (− logW )⊕
(
Y ×Cm
)
of vector bundles over Y .
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4 Normal crossings symplectic varieties
NC varieties are spaces that are locally varieties associated to SC configurations. They can also
be described as global quotients along images of immersions with compatible involutions on their
domains. These two perspectives are presented in Sections 4.1 and 4.2, respectively, and are shown
to be equivalent in Section 4.3. An alternative global characterization of regularizations for NC
varieties is presented in Section 4.4. The (virtual) existence theorem for regularizations for NC
symplectic varieties, Theorem 4.5, is justified in Section 5. Section 4.5 presents some examples of
NC divisors and varieties.
4.1 Local perspective
Suppose
X ≡
{
XI
}
I∈P∗(N)
and X′ ≡
{
X ′I
}
I∈P∗(N ′)
(4.1)
are transverse configurations with associated spaces X∅ and X
′
∅ as in (1.2). A homeomorphism
ϕ : X∅ −→ X
′
∅ (4.2)
is a diffeomorphism if there exists a map h : [N ]−→ [N ′] such that the restriction
ϕ : Xi −→ X
′
h(i) (4.3)
is a diffeomorphism between manifolds for every i∈ [N ]. This implies that X ′j = ∅ unless j =h(i)
for some i∈ [N ]. If ϕ is a diffeomorphism and (ω′j)j∈[N ′] is a symplectic structure on X
′, then(
ωi
)
i∈[N ]
≡ ϕ∗
(
(ω′j)j∈[N ′]
)
≡
(
ϕ|∗Xiω
′
h(i)
)
i∈[N ]
is a symplectic structure on X.
Definition 4.1. Let X be a topological space.
(1) An NC chart for X around a point x ∈ X is a tuple (U,X, ϕ : U −→ X∅), where U is an
open neighborhood of x in X, X is a finite transverse configuration with associated quotient
space X∅, and ϕ is a homeomorphism.
(2) An NC atlas for X is a maximal collection (Uy,Xy, ϕy)y∈A of charts for X such that for all
y, y′ ∈ A′ and x ∈ Uy ∩Uy′ there exists a neighborhood Uyy′;x of x in Uy ∩Uy′ so that the
overlap map
ϕyy′;x≡ϕy◦ϕ
−1
y′ : ϕy′
(
Uyy′;x
)
−→ ϕy
(
Uyy′;x
)
(4.4)
is a diffeomorphism.
Definition 4.2. An NC variety is a (Hausdorff) paracompact second-countable topological space X
with an NC atlas (Uy,Xy, ϕy)y∈A with Xy=(Xy;I)I∈P∗(Ny) such that Xy;ij is a closed submanifold
of Xy;i of codimension 2 for all i, j∈ [Ny] distinct.
(1) A symplectic structure on such an NC variety is a tuple (ωy;i)y∈A,i∈[Ny ], where each (ωy;i)i∈[Ny]
is a symplectic structure on Xy, such that(
ωy′;i
)
i∈[Ny′ ]
∣∣
ϕy′(Uyy′;x)
= ϕ ∗yy′;x
(
(ωy;i)i∈[Ny]
)
for all y, y′∈A and x∈Uyy′;x⊂Uy∩Uy′ as in Definition 4.1(2).
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(2) If B is a manifold, possibly with boundary, a tuple (ωt;y;i)t∈B,y∈A,i∈[Ny ] is a family of sym-
plectic structures on X if (ωt;y;i)y∈A,i∈[Ny ] is a symplectic structure on X for each t ∈ B and
(ωt;y;i)t∈B,i∈[Ny ] is a family of symplectic structures on Xy for each y∈A.
Definition 4.3. An NC symplectic variety is a pair consisting of an NC variety X and a symplectic
structure (ωy;i)y∈A,i∈[Ny ] on X as in Definition 4.2(1) such that (ωy;i)i∈[Ny]∈Symp
+(Xy) for every
y∈A.
The symplectic variety X∅ determined by an SC symplectic configuration X as in Definition 2.4 is
an NC symplectic variety in the sense of Definition 4.3. The corresponding NC atlas is the maximal
collection of NC charts on X∅ containing the chart (X∅,X, idX∅).
The singular locus of an NC variety X as in Definition 4.2 is the closed subspace
X∂ ≡
⋃
y∈A
ϕ−1y
(
Xy;∂
)
⊂ X,
where Xy;∂⊂Xy;∅ is the subspace corresponding to Xy as in (1.3). Let(
X∂
)
∂
≡
⋃
y∈A
⋃
I⊂[Ny]
|I|=3
ϕ−1y
(
Xy;I
)
⊂ X
denote the singular locus of X∂ ; it is also a closed subset.
For k ∈ Z≥0, a k-form on X is a tuple µ ≡ (µy;i)y∈A,i∈[Ny ], where each µy;i is a k-form on Xy;i
such that
µy;i
∣∣
Xy;ij
= µy;j
∣∣
Xy;ij
∀ i, j∈ [Ny], y∈A,
µy′;i|ϕy′(Uyy′;x) = ϕ
∗
yy′;x µy;hyy′;x(i) ∀ i∈ [Ny′ ], y, y
′∈A, x∈Uyy′;x⊂Uy∩Uy′ ,
with ϕyy′;x as in Definition 4.1(2) and with hyy′;x being the associated map as in (4.3). The tuple
dµ ≡
(
dµy;i
)
y∈A,i∈[Ny]
is then a (k+1)-form on X. Let
supp(µ) ≡
⋃
y∈A
⋃
i∈[Ny]
ϕ−1y
(
supp(µy;i)
)
⊂ X
denote the support of µ. Denote by Symp+(X) the space of all symplectic structures ω on X so
that (X,ω) is an NC symplectic variety.
Let (ωi)i∈[N ] and (ω
′
i)i∈[N ′] be symplectic structures on transverse configurations X and X
′, respec-
tively, as in (4.1). Suppose ϕ : U−→U ′ is a symplectomorphism between open subsets of X∅ andX
′
∅
and h : [N ]−→ [N ′] is as in (4.3) with the two sides replaced by their intersections with U and U ′.
We also denote by h the induced map from P(N) to P(N ′). The diffeomorphism ϕ determines
isomorphisms
dϕ : NXiXI
∣∣
XI∩U
−→ NXi′XI′
∣∣
XI′∩U
′ ∀ i∈I⊂ [N ], i
′≡h(i) ∈ I ′≡h(I).
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Suppose(
RI
)
I∈P∗(N)
≡
(
ρI;i,∇
(I;i),ΨI;i
)
i∈I⊂[N ]
and
(
R′I
)
I∈P∗(N ′)
≡
(
ρ′I;i,∇
′(I;i),Ψ′I;i
)
i∈I⊂[N ′]
are an (ωi)i∈[N ]-regularization for X and an (ω
′
i)i∈[N ′]-regularization for X
′, respectively. We define(
RI
)
I∈P∗(N)
∼=ϕ
(
R′I
)
I∈P∗(N ′)
if (
ρI;i,∇
(I;i)
)∣∣
XI∩U
=
{
dϕ
}∗(
ρ′I′;i′ ,∇
′(I′;i′)
)
,
ϕ◦ΨI;i = Ψ
′
I′;i′ ◦dϕ on Dom(ΨI;i) ∩ dϕ
−1
(
Dom(Ψ′I′;i′)
)
for all i∈I⊂ [N ], i′≡h(i) ∈ I ′≡h(I).
Definition 4.4. Let X be an NC variety with an NC atlas (Uy,Xy, ϕy)y∈A.
(1) If ω≡(ωy;i)y∈A,i∈[Ny] is a symplectic structure on X, an ω-regularization for X is a collection
(Ry)y∈A ≡ (Ry;I)y∈A,I∈P∗(Ny)
such that Ry is an (ωy;i)i∈[Ny]-regularization for Xy for each y∈A and
Ry′
∣∣
ϕy′(Uyy′;x)
∼=ϕyy′;x Ry
∣∣
ϕy(Uyy′;x)
(4.5)
for all y, y′∈A and x∈Uyy′;x⊂Uy∩Uy′ as in Definition 4.1(2).
(2) If B is a manifold, possibly with boundary, and (ωt;y;i)t∈B,y∈A,i∈[Ny ] is a family of symplectic
structures on X, an (ωt;y;i)t∈B,y∈A,i∈[Ny ]-family of regularizations for X is a tuple (Rt;y)y∈A,t∈B
such that (Rt;y)y∈A is an (ωt;y;i)y∈A,i∈[Ny ]-regularization for X for each t∈B and (Rt;y)t∈B is
an (ωt;y;i)t∈B,i∈[Ny ]-family of regularizations for Xy for each y∈A.
For a family (ωt)t∈B of symplectic structures on an NC variety X, we define two (ωt)t∈B-families
of regularizations for X to be equivalent if they agree on the level of germs as defined before [5,
Theorem 2.17].
Theorem 4.5. Let X be an NC variety with an NC atlas (Uy,Xy, ϕy)y∈A and X
∗⊂X be an open
subset such that X∗∩(X∂)∂=∅. Suppose
• B, N(∂B), and N ′(∂B) are as in Theorem 3.4,
• (ωt)t∈B is a family of symplectic structures in Symp
+(X),
• (Rt;y)t∈N(∂B),y∈A is an (ωt)t∈N(∂B)-family of regularizations for X.
Then there exist a smooth family (µt,τ )t∈B,τ∈I of 1-forms on X such that
µt,0 = 0, supp
(
µ·,τ
)
⊂
(
B−N ′(∂B)
)
×(X−X∗), ∀ t∈B, τ ∈I,
ωt,τ ≡ωt+dµt,τ ∈ Symp
+(X) ∀ t∈B, τ ∈I,
(4.6)
and an (ωt,1)t∈B-family (R˜t;y)t∈B,y∈A of regularizations for X such that(
R˜t;y
)
t∈N ′(∂B),y∈A
∼=
(
Rt;y
)
t∈N ′(∂B),y∈A
. (4.7)
This statement, which is the direct analogue of [5, Theorem 2.17] for arbitrary NC varieties, implies
that the second projection in (2.14) is a weak homotopy equivalence in this general setting as well.
The proof of [5, Theorem 2.17] is mostly local in nature and readily extends to Theorem 4.5; see
Section 5 for more details.
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4.2 Global perspective
Suppose X˜ and V˜ are sets. We call a pair(
ι : V˜ −→X˜, ψ : V˜ −→ V˜
)
(4.8)
consisting of a map and an involution, i.e. ψ2=id
V˜
, compatible if
ι
(
ψ(v˜)
)
6= ι(v˜) ∀ v˜∈ V˜ , v˜, v˜′∈ V˜ , v˜ 6= v˜′, ι(v˜) = ι(v˜′) =⇒ ι
(
ψ(v˜)
)
6= ι
(
ψ(v˜′)
)
,
ψ
(
ι−1
(
{x˜}∪ι(ψ(ι−1(x˜)))
))
= ι−1
(
{x˜}∪ι(ψ(ι−1(x˜)))
)
∀ x˜∈X˜.
(4.9)
The first condition in (4.9) is equivalent to the image of the map
V˜ −→ X˜2, v˜ −→
(
ι(v˜), ι(ψ(v˜))
)
, (4.10)
being disjoint from the diagonal ∆
X˜
⊂ X˜2. The second condition in (4.9) is equivalent to the
injectivity of this map. The three conditions are illustrated in Figure 2.
For a compatible pair (ι, ψ) as in (4.8), define
Xι,ψ = X˜
/
∼, x˜ ∼ x˜′ if x˜ = x˜′ or ψ
(
ι−1(x˜)
)
∩ ι−1(x˜′) 6= ∅. (4.11)
Since ψ is an involution, the relation ∼ above is symmetric. In light of the first two conditions
in (4.9), the last condition in (4.9) is equivalent to the transitivity of this relation. Let
q : X˜ −→ Xι,ψ
be the quotient projection. By (4.11), the projection of X˜
(2)
q to X˜2 is the image of (4.10). For
every k∈Z≥0, the map
φk : V˜
(k)
ι −→ X˜
(k+1)
q ⊂Xι,ψ×X˜
k+1, φk
(
x˜, v˜1, . . . , v˜k
)
=
(
q(x˜), x˜, ι(ψ(v˜1)), . . . , ι(ψ(v˜k))
)
, (4.12)
is thus a bijection. We note that the diagram
V˜
(k)
ι
φk //
ιk
""❉
❉❉
❉❉
❉❉
❉❉
ι
(i)
k;k−1

X˜
(k+1)
q
qk+1;1
③③
③③
||③③
③③
q
(i+1)
k+1;k

X˜
V˜
(k−1)
ι
φk−1
//
ιk−1③③③
<<③③③③
X˜
(k)
q
qk;1
bb❉❉❉❉❉❉❉❉
(4.13)
commutes for all i∈ [k] and k∈Z+.
Lemma 4.6. Suppose (ι, ψ) is a compatible pair as in (4.8) so that ι is a closed transverse immer-
sion and ψ is smooth.
(1) For every k∈Z≥0, the bijection φk is a homeomorphism.
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v˜12
N ι
(1)
2;1 ψ v˜21 N ι
(1)
2;1
v˜31 N ι
(1)
2;1
v˜13
N ι
(2)
2;1
ψ
D2ψ2
ι
v˜23
N ι
(2)
2;1
ι
ψ
v˜32
N ι
(2)
2;1
ι
x˜1 x˜2 x˜3
Figure 2: The solid lines in the bottom row represent the image of a transverse immersion ι : V˜ −→X˜
around three double points x˜i ∈ X˜. The solid lines above each x˜i are the preimages of the two
branches at x˜i in V˜ ; they are interchanged by the involution ψ as indicated. The top and middle
points in each column represent an element of V˜
(2)
ι , with the top point being its first V˜ -component.
(2) The projection X˜
(k+1)
q −→X˜k+1 is an embedding with respect to the smooth structure on X˜
(k+1)
q
induced by φk.
Proof. Since ι is a closed transverse immersion and ψ is smooth, the map
V˜ (k)ι −→ X˜
k+1,
(
x˜, v˜1, . . . , v˜k
)
−→
(
x˜, ι(ψ(v˜1)), . . . , ι(ψ(v˜k))
)
, (4.14)
is a closed immersion. Since this map is injective, it follows that it is a topological embedding. Along
with [20, Theorem 1.32], this implies that (4.14) is a smooth embedding. Since q is continuous, the
projection in (2) is a topological embedding. The last two conclusions imply both claims of the
lemma.
By Lemma 4.6, the smooth structure on X˜
(k+1)
q induced by φk is Sk+1-invariant. Furthermore,
the maps
q
(i)
k+1 : X˜
(k+1)
q −→ X˜, q
(i)
k+1(x, x˜1, . . . , x˜k+1) = x˜i,
q
(i)
k+1;k : X˜
(k+1)
q −→ X˜
(k)
q , q
(i)
k+1;k
(
x, x˜1, . . . , x˜k+1
)
=
(
x, x˜1, . . . , x˜i−1, x˜i+1, . . . , x˜k+1
)
,
are immersions for all k∈Z≥0 and i∈ [k+1].
By the commutativity of the diagram in (4.13), the identity on q∗k+1;1TX˜ and dφk−1 induce bundle
isomorphisms
Dk : N ιk −→ N qk+1;1 and Diφk : N ι
(i)
k;k−1 −→ N q
(i+1)
k+1;k
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covering φk. By the commutativity of the right triangle in (4.13) with i replaced by i−1, dqk;1
induces a bundle homomorphism
N q
(i)
k+1;k −→ N qk+1;1 (4.15)
over X˜
(k+1)
q for every i∈ [k+1]−{1}. For all σ∈Sk and i∈ [k], the homomorphism dσi of the second
diagram in (3.11) with ι replaced by q induces an isomorphism
Diσ : N q
(i)
k;k−1 −→ N q
(σ(i))
k;k−1
covering the action of σ on X˜
(k)
q .
For k≥2, let
N qk =
⊕
i∈[k]
N q
(i)
k;k−1 , Niqk =
⊕
j∈[k]
j 6=i
N q
(j)
k;k−1 ⊂ N qk ∀ i∈ [k].
By the commutativity of (4.13), the diagram
⊕
i∈[k]
N ι
(i)
k;k−1

⊕
i∈[k]
Diφk
// N1qk+1

N ιk
Dk // N qk+1;1
commutes for every k∈Z+; the left and right vertical arrows above are the isomorphisms induced
by the homomorphisms (3.13) and (4.15), respectively. For k≥2 and σ∈Sk, let
Dσ≡
⊕
i∈[k]
Diσ : N qk −→ N qk . (4.16)
This bundle isomorphism preserves the splitting of N qk and takes Niqk to Nσ(i)qk.
Definition 4.7. Suppose (ι, ψ) is a compatible pair as in (4.8) so that ι is a transverse closed
immersion and ψ is smooth. Let q : X˜ −→Xι,ψ be the associated quotient. A regularization for
(ι, ψ) is a tuple (Ψk;i)k∈Z+,i∈[k], where each Ψk;i is a regularization for the immersion q
(i)
k , such that
the tuple (Ψk+1;1◦Dk)k∈Z≥0 is a refined regularization for ι as in Definition 3.9,
q◦Ψk;i1
∣∣
Ni2qk∩Dom(Ψk;i1 )
= q◦Ψk;i2
∣∣
Ni1qk∩Dom(Ψk;i2 )
∀ i1, i2∈ [k], k∈Z
+, (4.17)
Ψk;i = Ψk;σ(i)◦Dσ
∣∣
Dom(Ψk;i)
∀ i∈ [k], σ∈Sk, k≥2 . (4.18)
Definition 4.8. Suppose (X˜, ω˜) is a symplectic manifold, (ι, ψ) is a compatible pair as in (4.8)
so that ι is a closed transverse immersion of codimension 2, ψ is smooth, ι∗kω˜ is a symplectic form
on V˜
(k)
ι for all k∈Z+, and ψ∗ι∗ω˜= ι∗ω˜. An ω˜-regularization for (ι, ψ) is a tuple
R ≡
(
Rk)k∈Z+ ≡
(
ρk;i,∇
(k;i),Ψk;i
)
k∈Z+,i∈[k]
(4.19)
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such that (Ψk;i)k∈Z+,i∈[k] is a regularization for (ι, ψ), the tuple((
{Diφk}
∗(ρk+1;i+1,∇
(k+1;i+1))
)
i∈[k]
)
,Ψk+1;1◦Dk
)
k∈Z≥0
(4.20)
is a refined ω˜-regularization for the immersion ι as in Definition 3.11, and(
ρk;i,∇
(k;i)
)
= {Diσ}
∗
(
ρk;σ(i),∇
(k;σ(i))
)
∀ i∈ [k], σ∈Sk, k∈Z
+. (4.21)
The condition (4.17) replaces (2.12). By Proposition 3.6, the first condition on ω˜ in Definition 4.8
is equivalent to V ≡ ι(V˜ ) being an NC symplectic divisor in (X˜, ω˜). For a smooth family (ω˜t)t∈B
of symplectic forms on X˜ satisfying the conditions of Definition 4.8, the notion of ω˜-regularization
naturally extends to a notion of (ω˜t)t∈B-family of refined regularizations for (ι, ψ). We show in Sec-
tion 4.3 that the NC symplectic varieties of Definition 4.3 correspond to the compatible pairs (ι, ψ)
and symplectic forms ω˜ satisfying the conditions of Definition 4.8. An ω-regularization in the sense
of Definition 4.4 likewise corresponds to an ω˜-regularization for (ι, ψ).
4.3 Local vs. global perspective
We now show that the local and global notions of NC symplectic variety are equivalent. If (X˜, ω˜)
and (ι, ψ) correspond to an NC variety (X,ω) as in Corollary 4.10 below, then an ω˜-regularization
for (ι, ψ) in the sense of Definition 4.8 determines an ω-regularization for X in the sense of Def-
inition 4.4(1). Conversely, the local regularizations constituting an ω-regularization for X can be
patched together to form an ω˜-regularization for (ι, ψ). These relations also apply to families of
regularizations.
Lemma 4.9. Suppose X˜ and V˜ are smooth manifolds and (ι, ψ) is a compatible pair as in (4.8)
so that ι is a closed transverse immersion of codimension 2 and ψ is a smooth involution. The
associated quotient space Xι,ψ is then canonically an NC variety. Furthermore, every NC variety
is isomorphic to Xι,ψ for some (ι, ψ) as above.
Proof. (1) Let k∈Z+, V
(k)
ι ⊂X˜ be as in (3.6), and x˜∈V
(k)
ι −V
(k+1)
ι . In light of (4.9), we can write
{x˜}∪ι
(
ψ(ι−1(x˜))
)
≡
{
x˜i : i∈ [k+1]
}
and ι−1(x˜i) ≡
{
v˜ij : j∈ [k+1]−i
}
∀ i∈ [k+1]
with x˜i 6= x˜i′ ∀ i 6= i
′, v˜ij 6= v˜ij′ ∀ j 6=j
′, ψ
(
v˜ij
)
= v˜ji ;
see Figure 2. By [20, Proposition 1.35], the closedness of ι, and the continuity of ψ, there exist
open neighborhoods Ui⊂X˜ of x˜i with i∈ [k+1] and neighborhoods V˜ij⊂ V˜ of v˜ij with i, j∈ [k+1],
i 6=j, such that
ι−1(Ui) =
⊔
j∈[k+1]−i
V˜ij ⊂ V˜ , Ui∩Uj = ∅, ψ
(
V˜ij
)
= V˜ji ∀ i, j∈ [k+1], i 6=j,
and the restriction of ι to each V˜ij is injective. Let U=q(U1)∪. . .q(Uk+1). Since
q−1
(
q(U)
)
=
⊔
j∈[k+1]
Uj
by the above, U is an open neighborhood of q(x˜) in Xι,ψ.
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For i∈I⊂ [k+1] and j∈ [k+1]−i, let
Uij = ι(V˜ij) ⊂ Ui, UI =
⋂
j′∈I−i
Uij′ ⊂ Ui .
For each i∈ [k+1], {Uij}j 6=i is a transverse collection of closed submanifolds of Ui of codimension 2
such that
ι(V˜ ) ∩ Ui =
⋃
j∈[k+1]−i
Uij .
The diffeomorphisms
ι : V˜ij −→ Uij , ψ : V˜ij −→ V˜ji, and ι : V˜ji −→ Uji
with i 6=j induce an identification ψij : Uij−→Uji restricting to identifications on the submanifolds
UI⊂Uij , Uji whenever i, j∈I⊂ [k+1]. By (4.11),
U =
( ⊔
j∈[k+1]
Uj
)/
∼ with Uij ∋ x˜
′ ∼ ψij(x˜
′) ∈ Uji ∀ x˜
′∈Uij , i 6=j .
Thus, X≡{UI}I∈P∗(k+1) is a transverse configuration such that Uij is a closed submanifold of Ui
of codimension 2 for all i, j∈ [k+1] distinct and the restriction of q to the union of Ui descends to
a homeomorphism
ϕ : U −→ X∅ .
The tuple (U,X, ϕ) is then a chart around q(x˜) in Xι,ψ in the sense of Definition 4.1(1). Any two
such charts overlap smoothly and thus generate an NC atlas for Xι,ψ.
(2) Let X be an NC variety. Choose a locally finite collection(
Uy,Xy≡(Xy;I)I∈P∗(Ny), ϕy : Uy−→Xy;∅
)
y∈A′
of NC charts covering X. Let
X˜ =
( ⊔
y∈A′
⊔
i∈[Ny]
{(y, i)}×Xy;i
)/
∼,
where we identify (y, i, z) with z∈Xy;i and (y
′, i′, z′) with z′∈Xy′;i′ if there exist x∈Uy∩Uy′ and
an overlap map ϕyy′;x as in (4.4) such that
z′ ∈ ϕy′
(
Uyy′;x
)
, z = ϕyy′;x(z
′), ϕyy′;x
(
ϕy′
(
Uyy′;x
)
∩Xy′;i′
)
= ϕy
(
Uyy′;x
)
∩Xy;i. (4.22)
Define
V˜ =
( ⊔
y∈A′
⊔
i∈[Ny ]
⊔
j∈[Ny]−i
{(y, i, j)}×Xy;ij
)/
∼,
where we identify (y, i, j, z) with z∈Xy;ij and (y
′, i′, j′, z′) with z′∈Xy′;i′j′ if there exist x∈Uy∩Uy′
and an overlap map ϕyy′;x as in (4.4) such that (4.22) holds and
ϕyy′;x
(
ϕy′(Uyy′;x)∩Xy′;j′
)
= ϕy
(
Uyy′;x
)
∩Xy;j .
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The Hausdorffness of X implies the Hausdorffness of X˜ and V˜ . The last two spaces inherit smooth
structures from the smooth structures of Xy;i and Xy;ij . Define
ι : V˜ −→ X˜, ι
(
[y, i, j, z]
)
= [y, i, z], ψ : V˜ −→ V˜ , ψ
(
[y, i, j, z]
)
= [y, j, i, z].
By the assumption on the charts in Definition 4.2, ι is a closed transverse immersion; the smooth
map ψ is an involution. It is immediate that the pair (ι, ψ) is compatible. The well-defined map
X −→ Xι,ψ, x −→
[
y, i, ϕy(x)
]
∀ x ∈ ϕ−1y (Xy;i), i∈ [Ny], y∈A
′,
is an isomorphism of NC varieties.
Following the usual terminology of algebraic geometry, we call the map
q : X˜ −→ Xι,ψ = X
provided by the last statement of Lemma 4.9 the normalization of the NC variety X; it is unique
up to isomorphism. By the proof of Lemma 4.9, q pulls back a symplectic structure ω on Xι,ψ to
a symplectic form ω˜ on X˜.
Corollary 4.10. Suppose (ι, ψ) is a compatible pair as in (4.8) so that ι is a closed transverse
immersion of codimension 2 and ψ is a smooth involution. A symplectic structure ω on the NC
variety Xι,ψ corresponds to a symplectic form ω˜ on X˜ such that ι(V˜ ) is an NC symplectic divisor
in (X˜, ω˜) and ψ∗ι∗ω˜= ι∗ω˜.
Proof. By the proof of Lemma 4.9, a symplectic structure ω on Xι,ψ corresponds to a symplectic
form ω˜ on X˜ such that ι∗kω˜ is a symplectic form on V˜
(k)
ι for all k ∈ Z+, the intersection and
ω-orientations of V˜
(k)
ι are the same, and ψ∗ι∗ω˜= ι∗ω˜. Thus, the claim follows from Proposition 3.6.
The local perspective on NC varieties in Section 4.1 leads to natural notions of smoothness, immer-
sion, and transverse immersion. These notions in turn make it possible to adapt the considerations
of Section 3.3 to NC varieties. The codimension 2 condition in Definition 4.2 is not material for
these considerations.
Definition 4.11. Let X be an NC variety as in Definition 4.2. A resolution of X is a sequence of
closed immersions
. . . −→ X(k)
fk;k−1
−−−−→ X(k−1)
fk−1;k−2
−−−−−→ · · ·
f2;1
−−→ X(1)
f1;0
−−→ X(0)≡X (4.23)
such that
(R0) f1;0 is a transverse surjective immersion;
(R1) for every k∈Z+, X(k) is a manifold with a free Sk-action and the codimension of fk;k−1 is 2;
(R2) for all 0≤k′≤k, the map
fk;k′≡fk′+1;k′◦. . .◦fk;k−1 : X
(k)−→X(k
′) (4.24)
is Sk′-equivariant, and
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(R3) for all 0≤k′≤k and x∈X(k)−fk+1;k(X
(k+1)), f−1k;k′(fk;k′(x)) = S[k]−[k′] ·x.
By the reasoning after Definition 3.12, the assumptions in Definition 4.11 imply that the map (4.24)
is S[k]−[k′]-invariant. If (ι, φ) is a compatible pair as in (4.8) with X=Xι,ψ, then the sequence
. . . −→ X˜(k)q
qk;k−1
−−−−→ X˜(k−1)q
qk−1;k−2
−−−−−→ · · ·
q2;1
−−→ X˜(1)q
q1;0
−−→ X˜(0)q ≡X
of immersions constructed in Section 4.2 is a resolution of X. By the reasoning in the proof of
Proposition 3.14, for any other resolution (4.23) of X there exist unique smooth maps hk so that
the diagram
. . . // X(k)
hk

fk;k−1 // X(k−1)
hk−1

fk−1;k−2 // · · ·
f2;1 // X(1)
h1

f1;0 // X(0)=X
id

. . . // X˜
(k)
q
qk;k−1 // X˜
(k−1)
ι
qk−1;k−2 // · · ·
q2;1 // X˜
(1)
ι
q1;0 // X˜
(0)
q =X
(4.25)
commutes. These maps are Sk-equivariant diffeomorphisms.
4.4 Another global perspective
By (4.18), a regularization (Ψk;i)k∈Z+,i∈[k] for (ι, ψ) is determined by the refined regularization
(Ψk+1;1◦Dk;1)k∈Z≥0 for ι. By the proof of Proposition 4.12 below, which re-interprets the notion of ω˜-
regularization for (ι, ψ) provided by Definition 4.8 in terms of the notion of refined ω˜-regularization
for ι provided by Definition 3.11, the condition (4.17) is equivalent to the ψ-equivariance condi-
tion (4.31) on (Ψk+1;1◦Dk;1)k∈Z≥0 .
For k ∈ Z+ and i, j ∈ [k] distinct, let σk;ij ∈ Sk be the transposition interchanging i, j ∈ [k]. Let
(ι, ψ) be a compatible pair as in (4.8). The bijection φk in (4.12) is equivariant with respect to the
inclusion of Sk into Sk+1 induced by the inclusion
[k] −→ [k+1], i −→ i+1;
the first inclusion identifies Sk with the subgroup S[k+1]−[1] of Sk+1. The action of σk+1;12 on X˜
(k+1)
ι
corresponds to an involution ψk on V˜
(k)
ι via the bijection φk, i.e.
ψk : V˜
(k)
ι −→ V˜
(k)
ι , φk◦ψk ≡ σk+1;12◦φk, ψ
2
k = idV˜ (k)ι
. (4.26)
This involution extends the natural Sk-action on V˜
(k)
ι to an Sk+1-action, under the above identifi-
cation of Sk with S[k+1]−[1], so that φk becomes Sk+1-equivariant.
We note that
ψ1≈ψ : V˜
(1)
ι ≈ V˜ −→ V˜ ≈ V˜
(1)
ι
and that the diagram
V˜
(k)
ι
ψk //
ι
(i)
k;k−1 
V˜
(k)
ι
ι
(i)
k;k−1
V˜
(k−1)
ι
ψk−1 // V˜
(k−1)
ι
(4.27)
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commutes for all k∈Z+ and i∈ [k]−{1}. By the Sk+1-equivariance of φk and the commutativity of
the square in (4.13), the map (3.7) is Sk′+1-equivariant and S[k+1]−[k′+1]-invariant with respect to
the extended actions for every k′∈ [k].
Under the assumptions of Lemma 4.6, the involution ψk is smooth. For each i ∈ [k]−{1}, the
homomorphism
Diψk : N ι
(i)
k;k−1 −→ N ι
(i)
k;k−1 (4.28)
induced by the commutativity of (4.27) in this case is an isomorphism. Let
Dψk≡
⊕
i∈[k]−{1}
Diψk : Nk;1ι≡
⊕
i∈[k]−{1}
N ι
(i)
k;k−1 −→ Nk;1ι .
Proposition 4.12. Suppose (X˜, ω˜) and (ι, ψ) are as in Definition 4.8. An ω˜-regularization
for (ι, ψ) is equivalent to a refined ω˜-regularization
R̂ ≡
(
R̂k
)
k∈Z≥0
≡
(
(ρ̂k;i, ∇̂
(k;i))i∈[k], Ψ̂k
)
k∈Z≥0
(4.29)
for ι as in (3.24) such that(
ρ̂k;i, ∇̂
(k;i)
)
=
{
Diψk
}∗(
ρ̂k;i, ∇̂
(k;i)
)
∀ i∈ [k]−{1}, k∈Z+, (4.30)
ψ◦Ψ̂k;1 = Ψ̂k;1◦Dψk on N
′
k;1ι = Dψk(N
′
k;1ι) ∀ k∈Z
+, (4.31)
with N ′k;1ι≡Nk;1ι∩Dom(Ψ̂k) and Ψ̂k;1 : N
′
k;1ι−→ V˜
(1)
ι ≈ V˜ as in (3.21).
Proof. Suppose (Ψk;i)k∈Z+,i∈[k] is a tuple of regularizations for the immersions q
(i)
k as in Defini-
tion 4.7. Let k∈Z+. The Sk-invariance condition (4.18) is equivalent to the condition
Ψk;i = Ψk;1◦Dσ◦Dσk;1i
∣∣
Dσk;1i(Dom(Ψk;1))
∀ i∈ [k], σ∈S[k]−[1]. (4.32)
Since Dk−1 is equivariant with respect to the natural identification of Sk−1 with S[k]−[1], the above
condition and (4.18) are equivalent to{
Ψk;1◦Dk−1
}
=
{
Ψk;1◦Dk−1
}
◦Dσ
∣∣
D−1
k−1(Dom(Ψk;1))
∀σ∈Sk−1,
Ψk;i = Ψk;1◦Dσk;1i
∣∣
Dσk;1i(Dom(Ψk;1))
∀ i∈ [k] .
(4.33)
The condition (4.32) implies (4.17) for all i1, i2∈ [k]−{1}. Suppose k≥2 and (4.32) holds. The full
condition (4.17) is then equivalent to
q◦Ψk;1
∣∣
N2qk∩Dom(Ψk;1)
= q◦Ψk;1◦Dσk;12
∣∣
N1qk∩Dσk;12(Dom(Ψk;1))
.
By the middle statement in (4.26) for k−1 instead of k and by the denseness of V
(1)
ι −V
(2)
ι in
V
(1)
ι ⊂X˜, (4.11) implies that the above condition and (4.17) are equivalent to
ψ◦
{
Ψk;1◦Dk−1
}∣∣
Nk−1;1ι∩D
−1
k−1(Dom(Ψk;1))
=
{
Ψk;1◦Dk−1
}
◦Dψk−1
∣∣
Dψk−1(Nk−1;1ι∩D
−1
k−1(Dom(Ψk;1)))
.
(4.34)
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Thus, a regularization (Ψk;i)k∈Z+,i∈[k] for (ι, ψ) as in Definition 4.7 determines a refined regular-
ization (Ψ̂k≡Ψk+1;1◦Dk;1)k∈Z≥0 for ι as in Definition 3.9 satisfying (4.31).
If a tuple (Ψ̂k)k∈Z≥0 is a refined regularization for ι, then
Ψ̂k−1 = Ψ̂k−1◦Dσ
∣∣
Dom(Ψ̂k−1)
∀ σ∈Sk−1, k∈Z
+ .
Via the second identity in (4.33) with
Ψk;1 ≡ Ψ̂k◦D
−1
k−1
∣∣
Dk−1(Dom(Ψ̂k−1))
,
the tuple (Ψ̂k)k∈Z≥0 thus determines a tuple (Ψk;i)k∈Z+,i∈[k] of regularizations for the immersions q
(i)
k
satisfying (4.18). If the first tuple satisfies (4.31), the second tuple satisfies (4.34) and thus (4.17).
Suppose R is a tuple as in (4.19) so that (Ψk;i)k∈Z+,i∈[k] is a regularization for (ι, ψ). Let (Ψ̂k)k∈Z≥0
be the corresponding refined regularization for ι and(
ρ̂k;i, ∇̂
(k;i)
)
=
{
Diφk
}∗(
ρk+1;i+1,∇
(k+1;i+1)
)
∀ i∈ [k], k∈Z+.
Since Dk−1 is equivariant with respect to the natural identification of Sk−1 with S[k]−[1], the con-
dition that (4.20) is a refined ω˜-regularization implies that(
ρk;i,∇
(k;i)
)
=
{
Diσ
}∗(
ρk;σ(i),∇
(k;σ(i))
)
∀ i∈ [k], σ∈S[k]−[1], k∈Z
+ . (4.35)
The condition (4.21) is equivalent to(
ρk;i,∇
(k;i)
)
=
{
Diσk;1i
}∗{
D1σ
}∗{
D1σk;12
}∗(
ρk;2,∇
(k;2)
)
∀ i∈ [k], σ∈S[k]−[1], k∈Z
+.
This condition is in turn equivalent to(
ρk;2,∇
(k;2)
)
=
{
D2σk;12
}∗{
D1σ
}∗{
D1σk;12
}∗(
ρk;2,∇
(k;2)
)
∀σ∈S[k]−[1], k∈Z
+,(
ρk;i,∇
(k;i)
)
=
{
Diσk;1i
}∗{
D1σk;12
}∗(
ρk;2,∇
(k;2)
)
∀ i∈ [k], k∈Z+ .
(4.36)
Since σk;12 commutes with all elements of S[k]−[2] and
σk;12σk;2iσk;12 = σk;1i = σk;2iσk;12σk;2i ∀ i∈ [k]−[2], k∈Z
+,
the condition (4.35) implies that the first condition in (4.36) is equivalent to(
ρk;i,∇
(k;i)
)
=
{
Diσk;12
}∗(
ρk;i,∇
(k;i)
)
∀ i∈ [k]−[2], k∈Z+ .
By the middle statement in (4.26) for k− 1 instead of k, the above condition and (4.21) are
equivalent to(
ρ̂k−1;i, ∇̂
(k−1;i)
)
=
{
Diψk−1
}∗(
ρ̂k−1;i, ∇̂
(k−1;i)
)
∀ i∈ [k−1]−{1}, k∈Z+.
Thus, an ω˜-regularization for (ι, ψ) as in Definition 4.8 determines a refined ω˜-regularization (4.29)
for ι satisfying (4.30).
Conversely, a refined ω˜-regularization (4.29) determines a tuple (4.19) such that (Ψk;i)k∈Z+,i∈[k]
is a regularization for (ι, ψ) and the associated tuple (4.20) is a refined ω˜-regularization for the
immersion ι via the second identity in (4.36) with(
ρk;2,∇
(k;2)
)
≡
{
(D1φk−1)
−1}∗
(
ρ̂k−1;1, ∇̂
(k−1;1)
)
.
If the tuple (4.29) satisfies (4.30), then the tuple (4.19) satisfies (4.21).
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4.5 Examples
We now give some examples of NC divisors and varieties.
Example 4.13. Let X be a manifold and {Vi}i∈S be a finite transverse collection of closed sub-
manifolds of X of codimension 2. The associated normalization
ι : V˜ ≡
⊔
i∈S
Vi −→ X
as in Lemma 3.5 is induced by the inclusions Vi−→X and
V˜ (k)ι =
⊔
I⊂S
|I|=k
⊔
τ∈Aut(I)
{(
x, (τ(i), x)i∈I
)
: x∈VI
}
is the disjoint union of k! copies of the disjoint union of the submanifolds VI with |I|=k.
Example 4.14. Let X≡(XI)I∈P∗(N) is an N -fold transverse configuration in the sense of Defini-
tion 2.3 such that Xij is a closed submanifold of Xi of codimension 2 for all i, j∈ [N ] distinct,
X˜ =
⊔
i∈[N ]
{i}×Xi , V˜ =
⊔
i∈[N ]
⊔
j∈[N ]−i
{(i, j)}×Xij ,
and q : X˜−→X∅ be the natural quotient map. The normalization of the preimage of the singular
locus X∂⊂X∅ in X˜ ,
ι : V˜ −→ q−1
(
X∂
)
=
⊔
i∈[N ]
⋃
j∈[N ]−i
{i}×Xij ,
is induced by the inclusions Xij−→Xi. The associated involution is
ψ : V˜ −→ V˜ , (i, j, x) −→ (j, i, x).
Example 4.15. An NC symplectic divisor V in (X,ω) gives rise to an NC symplectic variety as
follows. Let ι : V˜ −→X be the associated closed transverse immersion as in Lemma 3.5,
(X˜, ω˜) = (X,ω) ⊔ (V˜ ×C, π∗1ι
∗ω+π∗2ωC), V˜
′ = {1}×V˜ ⊔ {2}×V˜ ⊔ V˜ (2)ι ×C,
where π1, π2 : V˜ ×C−→ V˜ ,C are the two projection maps and ωC is the standard symplectic form
on C. We define a closed transverse immersion ι′ : V˜ ′−→X˜ and an involution ψ on V˜ ′ by
ι′(1, v˜) = ι(v˜) ∈ X, ι′(2, v˜) = (v˜, 0) ∈ V˜ ×C, ι′
(
(x, v˜1, v˜2), c
)
= (v˜1, c) ∈ V˜ ×C,
ψ(1, v˜) = (2, v˜), ψ(2, v˜) = (1, v˜), ψ
(
(x, v˜1, v˜2), c
)
=
(
(x, v˜2, v˜1), c
)
;
see Figure 3. The pair (ι′, ψ) satisfies the three conditions in (4.9) with ι replaced by ι′ and
thus determines an NC variety Xι′,ψ. Since ψ
∗ι′∗ω˜ = ι′∗ω˜, Xι′,ψ is an NC symplectic variety by
Corollary 4.10.
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{1}×V˜ {2}×V˜
ψ
ι
ι′
ι′
V˜
(2)
ι ×C
ψ
X
V V
(2)
ι
V˜ ×C
ι−1(V
(2)
ι )×C
V˜ ×{0}
Figure 3: The normalization X˜≡X⊔(V˜×C) of the NC variety Xι′,ψ associated with an NC divisor
V ⊂X as in Example 4.15.
Example 4.16. A generalization of the 2-fold SC symplectic configuration of Example 4.14 is
obtained by taking two disjoint copies, V1 and V2, of a smooth symplectic divisor V in the same
symplectic manifold (X˜, ω˜). Let ψ : V1 −→ V2 be a symplectomorphism and ψ : V2 −→ V1 be its
inverse; thus, ψ is an involution on V˜ ≡V1⊔V2. In this case, the normalization
ι : V˜ −→ V ≡V1∪V2 ⊂ X˜
is just the inclusion into X˜. The pair (ι, ψ) satisfies the three conditions in (4.9) and thus determines
an NC variety Xι,ψ; it is obtained by identifying V1 with V2 in X˜ via ψ. The singular locus X∂ in
this case can be identified with (V, ω|V ).
Example 4.17. A more elaborate 2-fold NC symplectic variety is obtained by taking V in Exam-
ple 4.16 to be any closed symplectic submanifold of (X˜, ω˜) and ψ : V −→V to be any symplecto-
morphism without fixed points such that ψ◦ψ=idV . The normalization
ι : V˜ ≡V −→ V ⊂ X˜
is again just the inclusion. The pair (ι, ψ) satisfies the three conditions in (4.9) and thus determines
an NC variety Xι,ψ; it is obtained by “folding” X along V as directed by ψ. The singular locus X∂
in this case is the quotient of V by the Z2-action determined by ψ.
A “3-fold” version of Example 4.17 is shown in Figure 4. The topological space Xι,ψ is obtained
from X˜ by folding the NC divisor V as indicated by the action of ψ on its normalization V˜ . This
folding is not induced by an involution on V itself; while most points of V are identified in pairs,
the three double points are identified into one.
5 On the proof of Theorem 4.5
We now explain why the proof of [5, Theorem 2.17], which is outlined in [5, Figure 2], extends
to Theorem 4.5. This proof revolves around a weaker version of the notion of regularization of
Definition 2.9(2), which is readily adaptable to Definition 4.4.
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V˜ψ
v˜12
v˜13
v˜23
v˜21
v˜31
v˜32
rr¯
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ι
V ⊂ X˜
Figure 4: The normalization of an NC variety with ι(v˜ij)= x˜i and ψ(v˜ij)= v˜ji.
Definition 5.1. Suppose X ≡ {XI}I∈P∗(N) is a transverse configuration as in Definition 2.3,
I∗∈P∗(N), and U ⊂XI∗ is an open subset. A regularization for U in X is a tuple (Ψi)i∈I∗ , where
Ψi is a regularization for U in Xi in the sense of Definition 2.5, such that
Ψi
(
NI∗;I∩Dom(Ψi)
)
= XI∩Im(Ψi) ∀ i∈I⊂I
∗,
Ψi1
∣∣
NI∗;i1i2∩Dom(Ψi1 )
= Ψi2
∣∣
NI∗;i1i2∩Dom(Ψi2 )
∀ i1, i2∈I
∗ .
Definition 5.2. Suppose X≡{XI}I∈P∗(N) is a transverse configuration and W ⊂X∅ is an open
subset. A weak (ωi)i∈[N ]-regularization for a transverse configurationX overW is a tuple as in (2.13)
such that
• for every I∈P∗(N), the tuple (ΨI;i)i∈I is a regularization for XI∩W in X;
• for all i∈ I ⊂ [N ], the tuple ((ρI;j ,∇
(I;j))j∈I−i,ΨI;i) is an ωi-regularization for XI∩W in Xi in
the sense of Definition 2.6;
• for all i ∈ I ′ ⊂ I ⊂ [N ], the bundle isomorphism DΨI;i;I′ associated with DΨI;i as in (2.9) is a
product Hermitian isomorphism and
ΨI;i
∣∣
Dom(ΨI;i)∩DΨ
−1
I;i;I′
(Dom(ΨI′;i))
= ΨI′;i ◦DΨI;i;I′|Dom(ΨI;i)∩DΨ−1I;i;I′(Dom(ΨI′;i))
. (5.1)
Thus, an (ωi)i∈[N ]-regularization forX in the sense of Definition 2.9(2) is a weak (ωi)i∈[N ]-regularization
for X over W =X∅ such that
Dom(ΨI;i) = DΨ
−1
I;i;I′(Dom(ΨI′;i)) ∀ i∈I
′⊂I⊂ [N ], |I ′|≥2,
as required by the first condition in (2.10). If W,W1,W2⊂X∅ are open subsets with W ⊂W1∩W2
and (R
(1)
t )t∈B and (R
(2)
t )t∈B are families of weak regularizations forX overW1 andW2, respectively,
we define (
R
(1)
t
)
t∈B
∼=W
(
R
(2)
t
)
t∈B
if the restrictions of the two regularizations to W agree on the level of germs; see the first part of
[5, Section 5.1] for a formal definition.
36
Let X be an NC variety with an NC atlas (Uy,Xy, ϕy)y∈A as in Definition 4.2. For each open
subset W ⊂X, let
A(W ) =
{
y∈A : Uy⊂W
}
.
In particular, (Uy,Xy, ϕy)y∈A(W ) is an NC atlas for W . For a symplectic structure ω on X as
in Definition 4.4(1) and an open subset W ⊂ X, a weak ω-regularization for X over W is a tu-
ple (Ry)y∈A(W ) as in Definition 4.4(1) so that each Ry is a weak (ωy;i)i∈[Ny ]-regularization for Xy
and (4.5) holds for all y, y′∈A(W ) and x∈Uyy′;x⊂Uy∩Uy′ as in Definition 4.1(2).
Suppose (X˜, ω˜) is a symplectic manifold, (ι, ψ) is a compatible pair as in (4.8) so that ι is a closed
transverse immersion of codimension 2 and ψ is a smooth involution, and W is an open subset of
the NC variety X =Xι,ψ. From the global perspective of Definition 4.8, a weak ω-regularization
for X over W is a tuple as in (4.19) satisfying (4.21) such that
• the tuple (Ψk;i)k∈Z+,i∈[k] is a regularization for the restriction of (ι, ψ) to ι
−1(q−1(W )),
• the tuple (4.20) is a refined ω˜-regularization for the restriction of ι to ι−1(q−1(W )), except the
first condition in (3.23) with Ψk ≡ Ψk+1;1 ◦Dk;1 may not hold and the second holds over the
intersection of the domains of the two sides, i.e. Dom(Ψk)∩DΨ
−1
k;k′(Dom(Ψk′)).
By Lemma 5.8 and Corollary 5.9 in [5], weak regularizations and equivalences between them in the
simple NC setting can be cut down to regularizations and equivalences between regularizations.
The same reasoning applies in the arbitrary NC setting viewed from the global perspective of either
Section 4.2 or 4.4. Thus, it is sufficient to establish Theorem 4.5 with regularizations replaced by
weak regularizations everywhere.
The last task is readily accomplished by combining the proof of [5, Theorem 2.7] with the local
perspective of Section 4.1 via an inductive construction. Let(
Uy,Xy≡(Xy;I)I∈P∗(Ny), ϕy : Uy−→Xy;∅
)
y∈Z+
be a locally finite collection of NC charts covering X and (U ′y)y∈Z+ be an open cover of X such that
U ′y⊂Uy for every y∈Z
+. For each y∗∈Z+, the tuple (Rt;y)t∈N(∂B),y∈A(Uy∗ ) is an (ωt)t∈N(∂B)-family
of weak regularizations for X over Uy∗ in the local sense. It determines an (ωt;y∗;i)t∈N(∂B),i∈[N∗y ]-
family (Ry∗;t)t∈N(∂B) of weak regularizations for Xy∗ over Xy∗;∅ in the sense of Definition 5.2.
Suppose y∗∈Z+ and we have constructed
(I1) an open neighborhood Wy∗ of
U<y∗ ≡
⋃
y<y∗
U ′y ⊂ X ,
(I2) a neighborhood Ny∗(∂B) of N ′(∂B) in N(∂B),
(I3) a smooth family (µt,τ )t∈B,τ∈I of 1-forms on X such that
µt,0 = 0, supp
(
µ·,τ
)
⊂
(
B−Ny∗(∂B)
)
×(X−X∗), ωt,τ ≡ωt+dµt,τ ∈ Symp
+(X) (5.2)
for all t∈B and τ ∈I,
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(I4) an (ωt,1)t∈B-family (R
′
t;y)t∈B,y∈A(Wy∗ ) of weak regularizations for X over Wy∗ such that(
R
′
t;y
)
t∈Ny∗(∂B),y∈A(Wy∗ )
∼=Wy∗
(
Rt;y
)
t∈Ny∗(∂B),y∈A(Wy∗ )
. (5.3)
This family determines an (ωt,1;y∗;i)t∈B,i∈[N∗y ]-family (R
′
y∗;t)t∈B of weak regularizations for Xy∗ over
X<
y∗;∅ ≡ ϕy∗
(
Uy∗∩Wy∗
)
⊂ Xy∗;∅
such that (
R
′
y∗;t
)
t∈Ny∗(∂B)
∼=X<
y∗;∅
(
Ry∗;t
)
t∈Ny∗(∂B)
.
Let Ny∗+1(∂B)⊂Ny∗(∂B) be a neighborhood of N ′(∂B), W
′⊂Wy∗ be a neighborhood of U
<
y∗ , and
U ′⊂U ′′⊂Uy∗ be neighborhoods of U ′y∗ such that
Ny∗+1(∂B) ⊂ Ny∗(∂B), W ′ ⊂Wy∗ , U ′ ⊂ U
′′, and U ′′ ⊂ Uy∗ .
Define
Wy∗+1 = U
′∪W ′, X ′′y∗;i = Xy∗;i ∩ϕy∗(U
′′) ∀ i∈ [Ny∗ ],
X ′<
y∗;∅ = ϕy∗
(
U ′y∗∩W
)
⊂ Xy∗;∅, X
∗
y∗ = ϕy∗
(
Uy∗∩X
∗
)
.
In particular, (I1) and (I2) hold with y∗ replaced by y∗+1. By repeated applications of [5, Propo-
sition 5.3] as in the proof of [5, Theorem 2.17] at the end of [5, Section 5.1], we obtain
• a smooth family (µ′y∗;t,τ ;i)t∈B,τ∈I,i∈[Ny∗ ] of 1-forms on Xy∗;∅ such that
µ′y∗;t,0;i = 0, supp
(
µ′y∗;·,τ ;i
)
⊂
(
B−Ny∗+1(∂B)
)
×
(
X ′′y∗;i−X
′<
y∗;∅∪X
∗
y∗
)
∀ t∈B, τ ∈I, i∈ [Ny∗ ],(
ω′y∗;t,τ ;i ≡ ωy∗;t,1;i+dµ
′
y∗;t,τ ;i
)
i∈[Ny∗ ]
∈ Symp+(Xy∗) ∀ t∈B, τ ∈I,
• an (ω′y∗;t,1;i)t∈B,i∈[Ny∗ ]-family (R˜y∗;t)t∈B of weak regularizations for Xy∗ over ϕy∗(U
′) such that(
R˜y∗;t
)
t∈Ny∗+1(∂B)
∼=ϕy∗(U ′)
(
Ry∗;t
)
t∈Ny∗+1(∂B)
,
(
R˜y∗;t
)
t∈B
∼=ϕy∗(U ′∩W ′)
(
R
′
y∗;t
)
t∈B
.
Since X ′′y∗;i⊂ϕy∗(U
′′), the support of µ′y∗;t,τ ;i is contained in ϕy∗(U
′′). For all t∈B and τ ∈ I, the
tuple (µ′y∗;t,τ ;i)i∈[Ny∗ ] thus determines a 1-form µ
′
t,τ on X such that
ϕ ∗y∗µ
′
t,τ =
(
µ′y∗;t,τ ;i
)
i∈[Ny∗ ]
,
µt′,0 = 0, supp
(
µ′·,τ
)
⊂
(
B−Ny∗+1(∂B)
)
×(Uy∗−X
∗), ω′t,τ ≡ωt;1+dµ
′
t,τ ∈ Symp
+(X). (5.4)
These forms vary smoothly with t∈B and τ ∈I.
Let β1, β2 : I−→I be smooth non-decreasing functions such that
β1(τ) =
{
τ, if 1−τ≥2−y
∗
;
1, if 1−τ≤2−y
∗−1;
β2(τ) =
{
0, if 1−τ ≥2−y
∗−1;
1, if τ=1.
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We concatenate the families (µt,τ )t∈B,τ∈I and (µt,τ+µ
′
t,τ )t∈B,τ∈I of 1-forms on X into a new smooth
family (µt,τ )t∈B,τ∈I by
µ′′t,τ = µt,β1(τ) + µ
′
t,β2(τ)
∀ t∈B, τ ∈I .
By (5.4),
µ′′t,τ (x) = µ
′′
t,1(x) ∀ x∈X−Uy∗ , 1−τ ≤2
−y∗−1,
µ′′t,τ (x) = µt,τ (x) ∀ x∈X−Uy∗ s.t. µt,τ ′(x)=µt,1(x) ∀ 1−τ
′≤2−y
∗
.
(5.5)
Furthermore, (5.2) holds with µ and Ny∗(∂B) replaced by µ
′′ and Ny∗+1(∂B), respectively.
The family (R˜y∗;t)t∈B determines an (ω
′
t,1)t∈B-family (R˜t;y)t∈B,y∈A(U ′) of weak regularizations forX
over U ′ such that (
R˜t;y
)
t∈Ny∗+1(∂B),y∈A(U ′)
∼=U ′
(
Rt;y
)
t∈Ny∗+1(∂B),y∈A(U ′)
,(
R˜t;y
)
t∈B
∼=U ′∩W ′
(
R
′
t;y
)
t∈B
∀ y∈A(U ′∩W ′) .
Along with (R′t;y)t∈B,y∈A(Wy∗ ), it thus determines an (ω
′
t,1)t∈B-family (R
′′
t;y)t∈B,y∈A(Wy∗+1) of weak
regularizations for X over Wy∗+1 so that(
R
′′
t;y
)
t∈B
= (R′t;y)t∈B ∀ y∈A
(
Wy∗+1−U ′
)
(5.6)
and (5.3) holds with R′, Ny∗(∂B), and Wy∗ replaced by R
′′, Ny∗+1(∂B), and Wy∗+1, respectively.
Since the collection (Uy)y∈Z+ is locally finite, for every point x ∈X there exist a neighborhood
Ux⊂X of x and Nx∈Z
+ such that
Ux ∩ Uy∗ = ∅ ∀ y
∗∈Z+, y∗≥Nx .
By (5.5) and (5.6),
µ′′t,τ
∣∣
Ux
= µt,τ
∣∣
Ux
, R′′t;y = R
′
t;y ∀ t∈B, τ ∈I, y∈A(Ux), y
∗>Nx.
The inductive construction above thus terminates after finitely many step on a sufficiently small
neighborhood Ux ⊂X of each point x∈X and provides a smooth family (µt,τ )t∈B,τ∈I of 1-forms
on X satisfying (4.6) and an (ωt,1)t∈B-family (R˜t)t∈B of weak regularizations for X over X satis-
fying (4.7).
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